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Abstract: Different improvements have been developed in regards to the stability and the control of two-by-two non
linear systems of conservation laws, and in particular for the Saint-Venant equations and the control of flow
and water level on irrigation channel. One stability result based on the Riemann coordinates is presented
here and sufficient conditions are given to insure the Cauchy convergence. Another result still based on the
Riemann approach is presented too, in the linear case, to improve the feedback control based on the Riemann
invariants.

1 INTRODUCTION tions and experimentations based on a river data and
the Valence micro-channel respectively.

In this paper, we are concerned with the stability of After & short presentation of the shallow water equa-
the non linear Saint-Venant equations, a two-by-two tions, the first problem is stated, the tools presented,
systems of conservation laws, that are described byand the stability result established. The second result
hyperbolic partial differential equations, with one in- IS developed in the same way in the fourth section and
dependent time variablec [0,) and one indepen-  the simulations results are produced as well as the ex-
dent space variable, < [0,L]. For such systems, the Perimentations ones in the last part.

considered boundary control problem is the problem

of designing feedback control actions at the bound-

aries (i.e. ak =0 andx=L) in order to ensure that 2 DESCRIPTION OF THE
the smooth solution of the Cauchy problem converge MODEL: SAINT-VENANT

to a desired steady state. E QU ATIONS

This problem has been previously considered in the
literature ((Litrico et al., 2005)), and in our previ- i
ous papers (Coron et al., 2002). Those results haveWe ponsnderareach of an open channel as represented
been improved in (Dos Santos et al., 2007) in order to N Figure 1. o o

take account of non homogeneous terms (like pertur- W& @ssume that the channel is prismatic with a con-
bations, slope or frictions) adding an integral part to Stant rectangular section. Note that in our configura-
the Riemann control developed. tion, the slope could be non null as well as the friction

Recently, the non linear problem of the stability of €ff€cts. _ ,
systems of two conservation laws perturbed by non he flow dynamics are described by a system of two

homogeneous terms has been investigated (PrieurIaWS (_)f conservation (Saint-Venant or shallqw water
et al., 2006), (Dos Santos and Prieur, 2007), using the€duations), namely a law of mass conservation and a
state evolution of the Riemann coordinates. law of momentum conservation

This paper aim is to shortly present both last results 0tH 4 04x(Q/B) =0, Q)
develop on (Dos Santos and Prieur, 2007), (Dos San- QP 1 5

tos et al., 2007) and to illustrate them with simula- 0 Q+0x(gy +59BH") =gBH(I - J), 2
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Figure 1: Scheme of a channel: one reach with an overflow
gate.

whereH (t,x) stands for the water level anf(t, x) the
water flows in the reach whilg denotes the gravita-
tion constantifi.s ). | is the bottom slopeng.m™1),

B is the channel widthn)) andJ is the slope’s friction
(mm™).

The slope’s friction] is expressed with the Manning-
Strickler expression,nf, is the Manning coefficient
(sm~*/3) and the Strickler coefficient iX = -

(m3.s71),

% Q?
S(H)2R(H)4/3’

whereS(H) is the wet surfacenf?) andP(H) the wet
perimeter (n): SH) = BH,P(H) =B+ 2H, R(H) is
the hydraulic radiusn), R(H) = S(H) /P(H).

The control actions are the positioby and U,
of the two spillways located at the extremities of the
pool and related to the state variablé¢andQ by the
following expressions.
Two cases may occur for the gate equations -at0
andx=1L

JQH) =

¢ a submerged underflow gate:
Q(xi;t) = UiBpy/2g(H1(x,t) -
e or a submerged overflow gate:

QZ(XH )
2gB2p?

Ha(xi,1))(3)

Hi(x,t) = ( )1/3+h3|+U|7 4)

where Hi(x,t) is the water level before the gate,
Ho(x,t) is the water level after the gate ahgl is the
height of the fixed part of the overflow gatéi rfFig.

(1)) andy; is the water flow coefficient of the gatéin
located ak = x;.

Note that the system (1)-(2) is strictly hyperbolic,
i.e. its Jacobian matrix has two non-zero real distinct
eigenvalues:
A(H,V)

+\/ A Ao(H,V) = 2 _ /gH.

They are generally callecharacteristic velocities
The flow is said to bdluvial (or subcritical) when the
characteristic velocities have opposite signs:

)\z(H,V) <0< )\1(H,V).

Different stability results have been given for the
linearized system (Coron et al., 2007)-(Dos Santos
et al., 2007) and the non-linear one (Prieur et al.,
2006)-(Dos Santos and Prieur, 2007) using the prop-

erties of Riemann coordinates. Those results are
quickly resumed in both following sections.

3 FIRST RESULT: INTEGRAL
ACTIONS AND LYAPUNOV
STABILITY ANALYSIS

3.1 Linearized System

An equilibrium (He, Q) is a constant solution of the

equations (1)-(2) , i.eH(t,x) = He, Q(t,X) = Qe Wt
andVx which satisfies the relation:
J(He,Qe) = 1. (%)

A linearized model is used to describe the variations
around this equilibrium. The following notations are
introduced:

h(t,X)éH (t,X) - HE(X)a q(t,X)éQ(t,X) - QE(X)'
The linearized model around the equilibrium
(He, Qe) is then written as

oth(t,x) +0xq(t,x)= 0  (6)
0:q(t,x) +cdoxh(t,x) + (c—d)axq(t,x) =
—yh(t,x) - 6C](t, X)v (7)
with:
9B Hef v
0J
V:gBHeﬁ(He’Qe) o= gBHeaQ(Heer)-

In the special case where the channel is horizontal
(I =0) and the friction slope is negligible & 0), we
observe thay = 6 = 0 and that this linearized system
is exactly in the form of the following linear hyper-
bolic system:

ath(tvx) +6Xq(tvx) =0 (8)
0q(t,x) + cdoxh(t,x) + (c—d)oxq(t,x) =0.  (9)
It is therefore legitimate to apply the control with
integral actions that have been analyzed in (Coron

et al., 2007) to open channels having small bottom
and friction slopes.
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3.2 Riemann Coordinates and Stability
Conditions

In order to solve this boundary control problem, the
Riemann coordinatesee e.g. (Renardy and Rogers,
1993) p. 79) defined by the following change of coor-
dinates are introduced :
at.x) = q(t.x)+dh(t,x) (10)
b(t.x) = q(t,x)—cht,) (11)
With these coordinates, the system (8)-(9) is written
under the following diagonal form :
dra(t,x) +coxa(t,x) =0
0tb(t,x) — doxb(t,x) =0

(12)
(13)

In the Riemann coordinates, the control problem can
be restated as the problem of determining the control

actions in such a way that the solutica(s, x), b(t, x)
converge towards zero.
The boundary control laws (t) anduy (t) are defined

such that the boundary conditions (3)-(4) expressed
in the Riemann coordinates satisfy the linear relations

satisfies: _
U< —pu.

Remark 1 As it has been mentioned above, in our
previous paper (Coron et al., 2007) the special case
with my = m. = 0 in the boundary conditions (14)-
(15) and N = 0, N_ = 0 has been treated. We have
shown that inequalitykok, | < 1 is sulfficient to have

U < —pU for some - 0 along the system trajectories
and ensure the convergence gf,a) and kt,x) to
zero.

In the fifth section, we shall illustrate the effi-
ciency of the control with simulations on a realistic
model of a waterway and with experimental results
on a real life laboratory plant.

4 SECOND RESULT: STABILITY
OF THE NON-LINEAR
SAINT-VENANT EQUATIONS

(Coron et a| 2007) augmented with appropnate inte- Previous result delead with the Stabl|lty of two con-

grals as follows
ao(t) +kobo(t) +moyo(t) = O (14)
bu(t) +kea(t) +my(t) = 0 (15)
wherekg, k. andmy, m_ are constant design param-

eters that have to be tuned to guarantee the stability.

The integralyp on the flowq at the boundarx = 0
and the integray, on the other stath at the bound-
aryx =L are defined as:

Yo(t) = /QO s)ds= /0 (Zigbo()ds

Using Lyapunov theory, one can prove this theorem:

Theorem 1 Letny, m_and k, k_ four constants such
that the six following inequalities hold:

mp > 0, m_ <0, (16)

|ko| < 1, [kokL| < 1, a7
c d

k| < d i 1, (18)

Then there exist five positive constants A, B,daml
N_ such that, for every solutiofa(t, x), b(t,x)), t > 0,

x € [O,L], of (12), (13), (14) and (15) the following
function:

A (L _ c+d
U E/0 a(t, )& Wdx+ == Noy3(1)

L
g/ b2(t, )&/ Idx -+ C+dN|_yE
0
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servation laws systems, which can be written as (8)-
(9) (Coron et al., 2007), i.e. for homogeneous hyper-
bolic systems. The stability condition depends thus of
the spectral radius of the Jacobian matrix linked. In
(Prieur et al., 2006), those results have been extended
to the non homogeneous system, with an additional
condition on the size of the non homogeneous terms.
Here, we proposed a new result that improve the suf-
ficient stability conditionkok; | < 1 (Dos Santos and
Prieur, 2007).

4.1 Statement

In order to introduce the problem under consideration
in this work, we need some additional notations:

e The usual euclidian norrpr | in R is denoted by
|-|. The ball centered in & R with radiuse > 0
is denotedB(€);

e Given® continuous or0,L] and¥ continuously
differentiable or0, L], we denote

maX o,y |P(X)|
Wleoor) + 1% leoor) 3

|Plcoo.)
Wlerou

e the set of continuously differentiable functions
W# [0,L] — R satisfying the compatibility as-
sumptionc and|W|c1q ) < € is denoted, (¢).
For constant control actiontlg(t) = Up and

UL (t) = UL, asteady-state solutiois a constant so-
lution (H,Q) (t,x) = (H,Q) (x) forallt € [0, ),
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for all x€ [0, L] which satisfies (1)-(2) and the bound-
ary conditions (3)-(4).

At time t > 0, the outputof the system (1)-(2) is
given by the following

y(t) = (Ho(t),He (1))
The problem under consideration in this work is

the following: Given a steady-statéJ—LQ)T, called
the set point, we consider the problem of the lo-
cal exponential stabilization of (1)-(2) by means of
a boundary output feedback controller, i.e. we want
to compute a boundary output feedback controller
y — (Uo(y),UL(y)) such that, for any smooth small
enough (in &-norm) initial condition H and ¢ sat-
isfying our compatibility conditions, the PDE (1)-(2)
with the boundary conditions (3)-(4) and the initial
condition

(H,Q)(x,0) = (H*,Q)(x) ,vx€ [0,L].  (20)

has a unigue smooth solution convergmg exponen-
tially fast (in Ct-norm) towards(H, Q)

(19)

4.2 Stability Result

First note that the system (1)-(2) is strictly hyperbolic,

i.e. the Jacobian matrix of this system has two non-

zero real distinct eigenvalues:

M(H,Q) = +FA2HQ —/gH.

They are generally callecharacteristic velocities
The flow is said to bdéuvial (or subcritical) when
the characteristic velocities have opposite signs:

)\Z(HaQ) <0< Al(HvQ)

Under constant boundary conditio@40,t) = Qo and
H(L,t) = Hy, for allt, there exists a steady state solu-
tion x — (Q,H) satisfying

8,xQ(x) = BHX) =—gHz2, (1)

with A1 = A1(H,Q), andAz = Ax(H, Q).
Lett; andt, be the time instants defined by

x1(t1) =L, xo(tp) =0, (22)

wherex;, i = 1,2, are the solution of the Cauchy prob-
lem
% (t) =Ni(H,Q), x1(0) 0.

To state our stability result, we need to introduce
the following notations

*+2\/gH

=0, %(L) =

«72@»

We can explicit functiond; and f,, and expres-
sions/, and/, depending on the equilibrium and on
the perturbations such that, for akt {1,2},

6= fi(A,ab,l,ny) . (23)

Due to space limitation, the explicit expression/ef
and/, is omitted, it is developed in (Dos Santos and
Prieur, 2007).

The boundary conditions are written as follows:

a(t,0) + kob(t, 0) 0 (24)
b(t,L) + kea(t,L) 0, (25)

wherekg, k. are constant design parameters that have
to be tuned to guarantee the stability.

We are now in position to state our stability result,
here in the case of a reach bounded by two underflow
gates:

Theorem 2 Let 1, tp, £1 and ¢ be defined by (22),
and (23) respectively.

If the bottom slope function I, the slope’s friction
function J are sufficiently small in‘norm, then we
have

max(tif1,t202) < 1, (26)

In that case, there exispland k such that
| kokL | +t2 [ ko | L2+12ls < 1, (27)
‘ kok_ | +t1 | kL | {1+l < 1. (28)

The following boundary output feedback controller

e — 2800 (VAo Vo)

TV T3 B
o _ 2 +2,/001 (W_\/H—L),(so)
e/ 29(H (L,t) — Zgo)
where by = H(t,0), H_ = H(t,L), ag = 11ko’ and
1-k.

oL = I make the closed loop system locally ex-
ponentlally stable, i.e. there exis§ > 0, C > 0 and

1 > 0 such that, for all initial conditiong H*, Q%) :
[0,L] — (0,4) continuously differentiable, satisfy-
ing some compatibility conditions and the inequality

|(H#7Q#) - (l—T’ 6)|C1(07L) S g,

there exists a unique'Gsolution of the Saint-Venant
equations (1)-(2), with the boundary conditions (3)-
(4) and the initial condition (20), defined for all
(x,t) € [0,L] x [0,+). Moreover it satisfiesyt > 0,

[(H.Q) — (H,Q)lcaior) < Cre ™ (H*,Q¥)leron) -
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Upstream Water Flow

This result is proved using Riemann coordinates for- >2

malism, the Saint-Venant equations are rewritten in I
Riemann coordinates. Due to the slope’s frictibn 2. , —wee::':“eeg:g?:gmk
and the bottom slopg, it gives rise to a system of =0

conservation laws with non-homogeneous terms. The 2

evolution of the Riemann coordinates along the char- % o’s PE s 2
acteristic curves are estimated. This estimation could Downstream water level

be possible as soon as the non-homogenous terms are - 2|

sufficiently small. A sufficient condition in terms of I S
the boundary conditions for the asymptotic stability = [/

of the Riemann coordinates is given. This necessary 1.9 reference ,
condition is written as (26) in terms of the variables 2oL [ Wit g Astion ||
H andQ. ' ' vt
This resultis illustrated in the following part. Figure 2: Water flow at upstream and level at downstream.

Two simulations are pictured, with the following

5 NUMERICAL SIMULATIONS valueskok_ = 0.0039, and
AND EXPERIMENTS 1. m=0=m,

. . ) . 2. mp=—0.0001m_ = 0.001.
In this section we applied both result on numerical 4 ) B .
simulations of a river and on an experimental setup. Other simulations with higher values kgk_ (kok. >

In both cases, the assumption (26) is satisfied, thusoKLmax) diverge in the sense that the water flow and

we succeed to design an stabilizing boundary output Ievgl do not converge to the steady state required or
feedback controller. Let us note that if the inequalities ©SCillate.

(27) and (28) hold then we have All the simulations shows the well suitability of the
two stability tests (27)-(28) and of the condition(31),
| kokL | < min(1—t161,1—1t202). (31) thethree have to be verified to insure the stability of

the system.

In the same way, conditions (16)-(18) are satisfied. e staility hypothesis (16)-(18) linked to the inte-

. . . gral actions are checked, even if it is applied to the
5.1 Simulation Resultson a River non linear system.

To illustrate our results, simulations have been real- 5§ 2 Experimental Resultson a
ized with the realistic data of a river, on the software P

SIC developed by the CEMAGREF. Physical param- Micro-channel
eters of this river are given in Table 1, and the gates

are overflow ones. An experimental validation has been performed on

the Valence micro-channel (Tab.2). This pilot chan-

Table 1: Parameters of one reach of the river. nel is located in Valence (France). It is operated
parameters B(m) C(m) m under the. responsibility of the LCISlaboratory.
values 3 5577 06 This experimental channel (total length=8 meters) has
parameters slopel (m.s 1) | K (m/3.s 1) an adjustable slope and a rectangular cross-section
Jalies 18046 2 60 (width=0.1 meter). The channel is ended at down-

stream by a variable overflow spillway and furnished

with three underflow control gates (Fig. (3) ).
One series of simulations is described (Fig. 2) the g (Fig- 3)

initial condition are the following:

Qe(0) = omis L QelL) = 0.7mi.s 1, He(0) = Table 2: Parameters of the channel of Valence.
1.41m, zo(L) = 1.8m. parameters B(m) | L (m) | K (m/3s™1)
The steady state to reach is defined by: values 0.1 7 97

Q(0) =2m*’s %, Q(L) = 0.7nP.s %, H(0) = 1.85m, parameters W, | My, | Slope(mm 1)
H(L) = 2.26m. values | 0.6 | 0.73 1.6%p0

Using (31), we note that the tuning parameters should  1_aporatoire de Conception et d'Bgration des
satisfykoky < kokimax= 0.1682. Sysémes
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Figure 3: Pilot channel of Valence.

One experimentation has been chosen to illustrate
this approach.
Note that water flow is deduced from the gate

DARY CONTROL OF A CHANNEL - Last Improvements

6 CONCLUSION

In this paper, a boundary control law with integral ac-
tion is proposed, as a new stability condition depend-
ing on the Riemann coordinates. Simulations and ex-
perimentations realized strengthen on the fact that the
stability conditions (16)-(18) can be developed to fit
to the non linear case. Improvements will be the de-
velopment of the works on (Dos Santos et al., 2007)
to non linear system of conservation laws, and/or to
couple both previous results and generalize them to
greater dimension systems.

equations, and has not been measured directly. The

data pictured below have been filtered to get a better
idea of the experimentation results.

In each experiment, the system is initially in open
loop at a steady state:

Qe(0) =2.5dnP.s7%, He(0) = 1.1dm He(L) = 1.26dm
The loop is closed at time= 50secwith a new set
point given by:

Q(0) = 2dnP.s %, H(0) = 1.3dm H(L) = 1.43dm

Two experimentations are pictured in Fig. (4), with
maxkok. = 0.888 and the following values:

1. kok = 0.247 & mg=0,m_ =0,
2. kok = 0.247 & my = —0.002,m_= 0.001.

Water flow at upstream

- - - -without Integral Action
with Integral action
reference

it

"
I

:,‘ N M s Mo AR b S VRS 10 D 4 i )

|

500

100 200 300
Time (s)

Downstream water

400

- - - -without integral action
with integral action
eeeeeeeeee

o rm*

1.2’» £
a1

o

200
A

0o aoo0 500

ime &
Figure 4: Water flow at upstream and level at downstream.

To conclude this part, let notice that for the micro-
channel, both tests (27)-(28) are quiet equivalent (is
not the case for rivers like the Sambre in Belgium). In
all the cases, one conclusion is the same, the stability
of the system is insured if both tests (27)-(28) and the
condition (31) are realized.

Exact convergence is ensured if the integral part of the
control is added even if it is applied to the real and so
the non linear system.
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