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Abstract: A new approach t®airwise Comparisons based Rankisgresented. An abstract model based on the concept
of partial order instead of numerical scale is introduced and analysed. Many faults of traditional, numerical-
scale based models are discussed. The importance of the concegaafimportanceor indifferenceis
discussed.

1 INTRODUCTION rankings.

The strange and contradictory examples of rank-

The method oPairwise Comparisonsould be traced ~ INgs obtained by AHP cited in the literature (see
to Marquis de Condorcet 1785 paper (see (Arrow, (Dyer, 1990)) follow from the following sources:
1951)), was explicity mentioned and analysed by e When two objects are being compared, interval
Fechner in 1860 (Fechner, 1860), made popular by  scales are mainly used; but later, when recipro-
Thurstone in 1927 (Thurstone, 1927), and was trans-  cal matrices are constructed the values of interval
formed into a kind of (semi) formal methodology by scales are treated as the values of ratio scales. The
Saaty in 1977 (calledHP, Analytic Hierarchy Pro- concept of a scale was never formally defined or
cess, see (Dyer, 1990; French, 1986; Satty, 1977)). analysed.

In pl‘inciple it is based on the observation that while e The domain of real number&, hastwo distinct

ranking (“weighting”) the importance afeveralob- interpretations, and these two interpretations are
jects is frequently problematic, itis much easier when  mixed up in the calculi provided by AHP. The first
restricted tdwo ObjeCtS. The problem is then reduced interpretation is Standard, numbers describe quan-
to constructing a global ranking (“weighting”) from tative values that can be added, multiplied, etc.
the set of partially ordered pairs. The name “Pair-  The second interpretation is that this is just a rep-
wise” is slightly misleading, since for everyiple resentation of @otal order, and for instance Q.
some consistency rules are required (Dyer, 1990; s “petter” than 351 and “much better” than 18,
Koczkodaj, 1993; Satty, 1986). For the orderingsa.of but that's it! In this interpretation one must be

b, andc are made independently, it frequently occurs  very careful when any arithmetic operations are
that the consistency rules are not satisfied. To deal  performed.

with this problem various consistency concepts have
been introduced and analysed.

At present Pairwise Comparisons are practically
identified with the controversial Saaty’'s AHP. On one
hand AHP has respected practical applications, on the
other hand it is still considered by many (see (Dyer,
1990)) as a flawed procedure that produces arbitrary

e Even though the input numbers are “rough” and
imprecise the results are treated as if they were
very precise; “incomparability” is practically dis-
allowed.

In the author’s opinion the problems mentioned
above stem mainly from the following sources:

e The final outcome is expected to be totally ordered
*Partially supported by NSERC of Canada grant (i.e. for alla,b, eithera < b orb > a),
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e Numbers are used to calculate the final outcome.

A non-numerical solution was proposed and dis-
cussed in (Janicki and Koczkodaj, 1996), but it as-
sumed that on the initial level of pairwise compar-
isons, the answer could be onlg < b” or “a~ b”,
or“a>b", i.e. “slightly in favout and “very strongly
in favour’ were indistinguishable. In this paper we
provide the means to make such a distinctiathout
using numbers

The model presented below is an extension of the |jyear

one from (Janicki and Koczkodaj, 1996) with some
influence due the results of (Fishburn, 1985; Janicki
and Koutny, 1993).

2 TOTAL, WEAK AND PARTIAL
ORDERS

Let X be afiniteset. Arelationk C X x X is a Sharp
partial order if it is irreflexive and transitive, i.e.
a<b = —(b<a) anda<b<c = a<c, for all
a,b,c e X. A pair (X, <) is called apartially ordered
set We will often identify (X, <) with <, whenX is
known.

We writea~4 bif =(a<b) A—=(b<a), that is if
a andb are eitheristinct incompatiblgw.r.t. <) or
identicalelements oi.

We also write

if

~qb <= {X|x~ga}={x|x~g4b}.

The relation~_, is an equivalence relation (i.e. it is
reflexive, symmetric and transitive) and it is caltee
equivalence with respect ta, since ifa~ b, there

is nothing in< that can distinquish betweenandb
(see (Fishburn, 1985) for details). We always have
a~r4 b= a~44b, and one can show that (Fishburn,
1985):

argb «— {x|a<x}={x|b<x}
A {X|x<a} ={x|x<b}
A partial order is (Fishburn, 1985)
e total or linear, if ~ is empty, i.e., for alla,b €
X. a<bVvb«a,
e weakor stratified if a~ob~4c=a~,c, i.e.
if ~4 is an equivalence relation,

e interval, if for all a,b,c,d € X, a<icAb<d =
a<dvb«ec,

e semiorderifitis interval and for alla,b,c.d € X,
a<bAb<c=a<dvd«c.

Evidently, every total order is weak, every weak order
is a semiorder, and every semiorder is interval. We

Ry

Hbc}
! {d}
total or weak or total nelther total
stratified nor weak

Flgure 1. Various types of partial orders (represented as
Hase diagrams). The total orden, represents the weak
order<y, The partial ordek s is nether total nor weak.

classification of our rankings (defined in Section 4)
complete, as in this paper we will not use much of
their rich theory. An interested reader is referred to
(Fishburn, 1985; French, 1986).

Weak orders are often defined in an alternative
way, namely (Fishburn, 1985),

e a partial orde(X, <) is a weak order iff there ex-
ists a total ordetY, <) and a mapping: X — Y
such that/x,y € X. Xy <= @(X) < @(y).

This definition is illustrated in Figure 1,
¢:{ab,cd} — {{a},{b,c} {d}} andg(a) = {a},
@(b) = ¢(c) = {b,c}, @(d) = {d}. Note that for all
x,y € {a,b,c,d} we have

X <2y <= @(X) <2 @y).
Weak orders can easily be represented dtgp-
sequences For instance the weak ordet, from
Figure 1 is uniquely represented by the step-sequence
{a}{b,c}{d} (c.f. (Janicki and Koutny, 1993)).

let

Following (Fishburn, 1985), in this papaxib is
interpreted asd is less preferred than’panda~_ b
is interpreted asd andb areindifferent.

The preferable outcome of any ranking is a total
order. For any total ordet, ~ is the empty rela-
tion and= is just the equality relation. A total order
has two natural models, both deeply embedded in the
human perception of reality, nameltime and num-
bers Most people consider the causality relation and
its time related version “earlier than” as total orders,
even though their formal models are actually only in-
terval orders (Janicki and Koutny, 1993).

Unfortunately in many cases it is not reasonable to
insist that everything can or should be totally ordered.
We may not have sulfficient knowledge or such a per-
fect ranking may not even exist (Arrow, 1951). Quite
often insisting on a totally ordered ranking results in

mention semiorders and interval orders to make the an artificial and misleading “global index”.
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Weak (stratified) orders are a very natural gener-
alization of total orders. They allow the modelling of
some regular indifference, their interpretation is very
simple and intuitive, and they are reluctantly accepted
by decision makers. Although not as much as one

relation<g+ is usually not a weak order.

Let us assume that is believed to be weakly or-
dered by a relatiord but the discriminatory power of
the data acquisition process, which seeks to uncover
this order, is limited. The acquired data establishes

might expect given the huge theory of such orders (seeonly a partial order< which is a partial picture of

(Fishburn, 1985; French, 1986)). A non-numerical
ranking technique proposed in (Janicki and Koczko-
daj, 1996) produces a ranking that is weakly ordered.

If <is aweak orderthea~4b < a~4b, so
indifference means distinct incomparability or iden-
tity, and the relation< can be interpreted as a se-
guence of equivalence classes~af. For the weak
order <, from Figure 1, the equivalence classes of
~., are{a}, {b,c}, and{d}, and <> can be inter-
preted as a sequen¢a}{b,c}{d}.

There are, however, cases where insisting on weak
orders may not be reasonable. Physiophysical mea-

surements of perceptions of length, pitch, loudness,
and so forth, provides other examples of qualitative

comparisons that might be analysed from the perspec-

tive of semiorders and interval orders rather than the

more precise but less realistic weak and total orders.

The reader is referred to (Fishburn, 1985; Janicki and
Koutny, 1993) for more details. In this paper we will
only use total, weak, and general partial orders.

3 PARTIAL AND WEAK ORDER
APPROXIMATIONS

Let X be a set of objects to be ranked. The problem
is thatX is believed to be partially or weakly ordered

but the data acquisition process is so influenced by

informational noise, imprecision, randomness, or ex-
pert ignorance that the collected d&as only some
relation onX. We may say thaR gives a fuzzy pic-
ture, and to focus it, we must do some pruning and/or
extending. Without loss of generality we may as-
sume thatR is irreflexive, i.e. (x,x) ¢ R. Suppose
thatRis not transitive. The “best” transitive approx-
imation of R is its transitive closure R = |Ji 1R,
whereR*+! = R oR(c.f. (Fishburn, 1985)). Evidently
RC R' andR" is transitive. The relatioR™ may not

be irreflexive, but in such a case we can use the fol-
lowing classical result (which is due to E. SéHder,
1895, see (Janicki and Koczkodaj, 1996)) .

Lemmal Let QC X x X be a transitive relation. De-
fine: x<qy <= xQyA-yQx. The relation<q is a
partial order.

Following (Janicki and Koczkodaj, 1996) we will call
<R+, apartial order approximatiorof (ranking rela-
tion) R. If Ris a partial order ther g+ equalsR. The

the underlying order. We seek, however, an extension
process which is expected to correctly identify the or-
dered pairs that are not part of the data.

Note that weak order extensions reflect the fact
that if x &~ y than all reasonable methodfor ex-
tending< will have x equivalent toy in the extension
since there is nothing in the data that distinguishes
between them (for details see (Fishburn, 1985)),
which leads to the definition (Janicki and Koczkodaj,
1996) below (for both weak an total orders).

A weak (or total) orderq,, C X x X is a proper
weak (or total) order extension ef if and only if :

(x<y = X<wy) and (X=qy= X~q, ).

If X is finite then for every partial ordes; its
proper weak extension always exists. dfis weak,
than its only proper weak extensiorkig, = <. If < if
not weak, there are usually more than one such exten-
sions. Various methods were proposed and discussed
in (Fishburn, 1985). For our purposes, the best seem
to be the method based on the concept @iabal
score functionwhich is defined as:

9a(x) = {z]z<ax}p| = [{z|x<Z}].
Given the global score functiog (x), we define
the relation<gy, C X x X as

a<db < g4(a) < g4(b).
Proposition 1 ((Fishburn, 1985)) The relation <,
is a proper weak extension of a partial order [

Some other variations af, and their interpreta-
tions were analyzed in (Janicki and Koczkodaj, 1996).
From Proposition 2 it follows that every finite partial
order has a proper weak extension. The well known
procedure “topological sorting”, popular in schedul-
ing problems, guarantees that every partial order has
a total extension, but even finite partial orders may not
have proper total extensions. Note that the total order
<t is a proper total extension ef if and only if the re-
lation ~ equals the identity, ia~, b < a=h.

For example no weak order has a proper total ex-
tension unless it is also already total. This indicates
that whileexpecting a final ordering to be weak may
be reasonable, expecting a final total ordering is of-
ten unreasonablelt may however happen, and often
does, that a proper weak extension is a total order,
which suggests thatie should stop seeking a priori
total orderings since weak orders appear to be more
natural models of preferences than total orders
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4 THE MODEL

Let X be a finite set of objects to be “ranked”, and let

~, C, C, <, and=< be a family of disjoint relations

on X. The interpretation of these relations is the fol-

lowing (compare (Satty, 1986)% ~ b : a andb are

of equal importancea C b : slightly in favourof b,

acCb:infavourofb, a< b: bisstrongly bettera< b

. bis extremely betterThe listsC, C, <, < may be

shorter or longer, but not empty and not much longer

(due to limitations of the human mind(Satty, 1986)).
We define the relatiors, C, <, and= as follows:

2 =<
C =<uU<uc

< U<
<u<uydcucr

z =
_—

The relations”, C, <, and= are interpreted as
combined preferencgge. aCb : at least slightly in
favour of b, aCb : at least in favourof b, a<b: at
least strongly in favouof b, anda=b : at least b is
far superior than a

Arelational structur®ank= (X, ~,C,C, <, <) is
called arankingif the following axioms ¢onsistency
rules) are satisfied:

1.
2.
3.
4.1.
4.2.

C,C,<, X are partial orders,
e~ UCUC T =xxX,
b/\bNC) = (am~cvarCcvcrC a),
bAabCc)v(aCbAbac)= (aCcvacc),
bAabcCc)v(acbAbxc)=(aCcva<c),
4.3. bAb<c)Vv(a<bAbac)= (a<cVa=<c),
5. bAb<c)v(a<bAbxc) = a=<c,

(a
(
(
(
(
6.1. (acbAabZc) = (accvaceo),
(
(
(
(
3. (

~
~

a

22

a

22

a

22

a~

6.2. (acbAbrCc)v(aCbAbcc)= (accva<c),
6.3. (a<bAbrCc)v(aCbAb<c)= (a<cva=<c),
7.1. (aCbAb=<c)V(a<bAbrC c) a=<gc,
7.2. (aCcbAb=<c)v(a<bAbcCc) a-<c,
a<bab=<c)v(a<bab<c) a=<g,
74. (a<bAb=<c)v(a<bAab=<c) a<c.

The axioms 1- 7.4 follow from the interpretation of
~ as equal importance amd, C, <, < as increasing
preferences.

We will say that a rankingX,~,C, C, <, <) isto-
tally (weakly, semi-, interval)yorderedif the relation
C is a total (weak, semi-, interval) order.

Due to the nature of stronger preferences it is
unreasonable to expect any specific ordering pbr
=, however if such a specific (for example semiorder)
ordering occurs, it may give some important informa-
tion about the nature of hierarchy that is modelled by

=
=
=
=
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a given ranking.

Let C be > aproper weak extensioaf = and let
Cw= Cw\C,
Ranky = (X,~,Cw, C, <, <).

Proposition 2 The relational structure Rapk=
(X,~,Cw, C,<,=<) is a weakly ordered ranking. O

We will call Ranky = (X,
order extensiomf Rank= (X,

~,Cw, C,<,<) aweak
~,C,C, <, <).

When transformingrankinto Ranky,, we change only
the weakest preference, soRfink= (X,~, C, <, <)
then Ranky (X, =2, Cw, <, <), and if
Rank= (X,~,<,<) then Ranky = (X,~, <w, <).
We proceed similarly when the list of preferences is
longer.

As mentioned above (see (French, 1986; Satty,
1986)) defining a proper ranking is problematic if
|X| > 2, but it usually can be done jK| = 2. Note
that if | X| = 2 only one of the relations:, C, C, <,
=< is not empty.

A relational structurdX,~,C,C, <, <) is called
a pairwise comparisons pre-ranking the following
properties are satisfied:

1. the relationss, C, C, <, < are defined bypair-
wise comparisons

2. ~, [, C, <, < are disjoint and their union equals

X x X,

~ is interpreted as equal importance avd afor
eachae X,

C, C, <, < are interpreted as increasing prefer-
ences.

4.

The pre-ranking is not usually a ranking. Our goal is
to find such a, preferably weakly ordered, ranking that
is “the best” approximation of a given pre-ranking. In
the classical, “numerical” approach this is handled by
the concept otonsistencyKoczkodaj, 1993; Satty,
1986). The caséX,~, <) was solved in (Janicki and
Koczkodaj, 1996). The technique used in (Janicki
and Koczkodaj, 1996) does not require any assump-
tions about the pre-ranking relatiorsand < (except
ar~bva<bva<1b, forall a,b). The technique
can be extended to the general case, however, at the
present stage, the algorithms are complex and lacking
the elegance of the simpler casgXf ~, <). Instead,

we propose a more interactive approach.

First notice that it is very unlikely that a given pre-
ranking is “random”, i.e. it does not even resemble a
ranking. When the process of classification of pairs
is well designed, the outcome is a pre-ranking that is
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“almost” a ranking. Only some pairs violate the rank- Table 1: The first pre-ranking. It is not a ranking, the gray
ing axioms, the majority of pairs satisfy the ranking cells indicate problematic relations.
axioms. Checking those axioms is in principle a triad

analysis, and the major violators are usually easy to L [AJB]CIDJEJF[G]H]
detect Allrlcl~ E 1D I~I<]d
o . . . Bilo>|~=| > ~ - | d |l =] <

After finding the pairs that violate more axioms Clim <1 =~ [ c 5 cl< l

than the other pairs (violations of axioms propagate, DS =T 5 ~ W[~ [c]> i
but “innocent” pairs violate much less frequently), we Elc<|c B~ <<~
can either: Fir st 5 ~ T~ Tcl S
e Repeat the pairwise comparison process forthose | G || > [~ | > | O | = | D |~ | =
pairs and change the judgment. Or HI>[<|B] <[~ ]cl=<]~=

e Introduce a “moderator” process which will
change the relationship between those pairs, to Table 2: The second (revised) pre-ranking which is a rank-

satisfy the axioms. ing. The grey cells were revised.
In both cases, the changes are usually minor, like from I [AIB|C[DJEJFIG]H]
Cctor, etc. A T s TcT = T oFl B i 5 S
The resulting rankingRankis usually not weak, in B 5 =~ > 5 A <
most cases it is only semi- or intervally ordered, so,if Tcir=T<=1 =~ [ c | 5 [Cc < =
we expect the outcome to be weak or total ranking, D5 [~ 5 | ~ | > |~ |C | >
we need to computRank. Bl [ <aFC Bl A | < | < | =
ComputingRank, is an extension process which Erll = [liE| = ~ S [~ c | o
is expected to identify correctly the ordered pairs that Gl >~ > 3 - | D | =~ | =
are not part of the data. The order identification power Hi>|=<| = Z X | C|=<]| =

of weak extension procedures is substantiahzasily
underestimatedIf the ranked set of objects is, by its
nature, expected to be totally ordered, the weak ex-
tension can detect it, even if the pairwise compari-
son process is not very precise, and often results in
“indifference” (see example from Table 3 in the next
section). It is aserious errorto attempt to find a
total extensiorwithout going through a weak exten-
sion process (see comments at the end of the previou
chapter). In generaddmitting incomparability on the
level of pairwise comparisons is better than insisting
on an order at any costThe latter approach leads to
an arbitrary and often incorrect total ordering.

shows that the only violations are caused by relations
between C and H, and D and E (grey cells in Table
1). The person was asked to repeat the comparison
of pairs (C,H), and (D,E). This time he produced a
slightly different answers. The new pre-ranking pre-
sented by Table 2, is now a ranking. However, i

%2 weakly ordered ranking. The partial orders C,

<, and= are presented in Figure 2. The relatians

C, < are semiorders whil& is an interval order, i.e.
the ranking issemiordered This was expected due to
the nature of this type of experiments (c.f. (Fishburn,

1985)).
The stones were weighed and their weights cre-
5 AN EXAMPLE ated an increasing total ordér,H,C,A F,D,B,G.

Note that this is thesameorder asweakextensions

The following experiment has been conducted. A T, Cwand<y. The fact thak,, correctly describes
blindfolded person compared the weights of the eight the real ordering is very interesting since it means that
different stones, named A, B, C, D, E, F, G, H. The the very rough ranking described in Table 3, where
person put one stone in their left hand and another in only high preferences were recorded, all weak ones
their right, and then decided which of the relations were discarded and coded as “equal importance”, was
~, C, C, <, or < held. The experiment was re- sufficient to produce a correct total ordering. It also
peated for the same set of stones by various people;shows the order identification power of the weak or-
and then again for different stones and different num- der extension procedure. Note also that if in the pre-
ber of stones. The results were very similar, and Table ranking from Table 1, which is not a ranking, we will
1 presents the results of one such an experiment. use only high preferences and replace weak by indif-

The pre-ranking(X,~,C,C, <, <), whereX = ference (i.e. we replace and C with ~, and leave
{A,B,C,D,E,F,G,H, described by Table 1 isot a only < and=), the new pre-ranking will be a ranking.
ranking. However, a simple verification of axioms It will differ slightly from the one of Table 3E < D in
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Table 3: The third pre-ranking, where only, < and <
were recorded. It is a ranking. It can be obtained from
Table 2 by replacing- andC with =.

[ [A[BJC[D[E[F[G[H]
A MRl < |~
B ~|lx|>|~|>=|=]|=]|<
Cllrl<|lr|r|~|=] < ]|~
D ~lxlxlx=|>l=|=]|>
E IR IR IR | =
F > x|~
Gl>|~|>|~ ||~ |~]|*>
Hil > | < | ~r|<|~|=]|<|=x

B F D B G
[ BN J [ BN J

G
B
D G
= B
A A F
C
H
H
E E
N Cw W =w

Figure 2: Partial orders, C, <, and= defined by the rank-
ing from Table 2, and their proper weak order extensions
Cw. Cw,» <w, and=y, (created using global score function).
The orders™, C, < are semiordersz is an interval order,
Cw, Cw, <w are the saméotal. order, and=<, is a weak
order.

Table 1 ancE < D in Table 3), but the ordet will be
the same in both cases! This suggests that if an origi-
nal pairwise comparison pre-ranking is not a ranking,
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a “moderator” might replace lower preferences by in-
difference, and check if the outcome is a ranking. If
it is, a weak extension may be constructed and on its
bases the initial pre-ranking might be modified. Al-
ternately, a problematic decision could be re-judged.

6 FINAL COMMENTS

Apparently, all of the popular techniques based on
pairwise comparison principles suffer from many se-
rious problems and may lead to strange and contradic-
tive results. These problems follow mainly from their
treatment of imprecision, knowledge incompleteness
and indifference (incomparability) (Dyer, 1990; Jan-
icki and Koczkodaj, 1996).

The method proposed in this paper does not use
numbers at all, it is entirely based on the concept of
partial orders It emphasizes and advocates usimg
comparabilityandweak orderingsas opposed to in-
sistence on the comparability of all objects and a final
total ordering. The order identification power of the
weak order extension procedure is discussed.
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