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Abstract: An output-feedback direct adaptive control problem is considered for MIMO linear systems with polytopic-
type parameter uncertainties and disturbances. The objective is to make the system output follow the output of
a system model and to attain guarantekoperformance of the proposed adaptive control scheme. Sufficient
conditions for closed-loop stability, model following performance, and achieving a prescribed bound on the
He disturbance attenuation level are derived, in terms of linear matrix inequalities. A numerical example,
taken from the field of flight control, demonstrates the proposed method.

1 INTRODUCTION fiability (feedback passivity) are introduced in (Frad-
kov, 2003) to non-square systems. The latter passifi-
A class of direct adaptive controller schemes for cation results will be used in this paper.
continuous-time systems, known as Simple Adaptive  In (Ben-Yamin et al., 2008), a framework for the
Control (SAC), has received considerable attention combination of optimaH. control and SAC model
in the literature (Kaufman et al., 1998)-(Peaucelle following has been developed. The idea is to use SAC
and Fradkov, 2008). Robustness of SAC controllers while satisfying soméi. -norm bound on the distur-
facing polytopic uncertainties has been established bance attenuation level, and sufficient conditions have
(Kaufman et al., 1998)-(Yaesh and Shaked, 2006) al- been derived for the stability of the closed-loop dy-
lowing application to real engineering problems (see namics of the SAC scheme with a prescribed distur-
e.g. reference (Barkana, 2005)). The stability of bance attenuation levgl These sufficient conditions
continuous-time SAC is related to the Strictly Posi- are expressed in terms of Bilinear Matrix Inequalities
tive Real (SPR) property of the controlled plant. The (BMI), which in many cases are difficult to solve.
stability of closed-loop SAC is related to the Almost A breakthrough achieved in (Peaucelle and Frad-
Strictly Positive Real (ASPR) property of the con- kov, 2008) is the formulation of a solution to the reg-
trolled plant. Namely, if a plant is ASPR there ex- ulation problem, for robust adaptite-gain control
ists a static output-feedback gain (possibly parameter-of polytopic MIMO LTI systems by LMIs rather then
dependent) which stabilizes the plant and makes it by BMIs. Note that in (Peaucelle and Fradkov, 2008)
SPR. In such a case, SAC stabilizes the closed-loopmeasurement noise was not considered.
dynamics and consequently leads to zero tracking er-  The present paper applies and extends the method
rors. of (Peaucelle and Fradkov, 2008) in order to solve
The existing SPR or ASPR results are developed the problems considered in (Ben-Yamin et al., 2008)
for systems with equal number of inputs and outputs by LMI’s, including the MIMO case which was not
(square systems). The concepts of passivity and passisolved in (Ben-Yamin et al., 2008). As in (Ben-Yamin
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et al., 2008), a combination of SAC model follow- 2.2 Hyper Minimum Phase Systems

ing and optimalH., control is applied. The objec-

tive is to use SAC while satisfying sonté, -norm Following (Fradkov, 2003), we introduce the follow-
boundy. Sufficient conditions are derived for the sta- ing notation:

bility and model following of the closed-loop dynam- .

ics of the SAC scheme with disturbance attenuation ~ 9(S) = det(sh—A),  G(s) = Cz(sh—A) "Bz.

level y. These sufficient conditions are expressed in | ot T e ™! be off full row-rank and define
terms of Linear Matrix Inequalities (LMI), which can W(s) = 3(s)det(T G(s)), A = T C,By.

be solved using Matlab’s LMI Toolbox (Gahinet et al., - ]
1995). A numerical flight control example is given Definition 1. (Fradkov, 2003) The system (1) is

which illustrates the method. called minimum phase if the polynom$#(s) is Hur-
witz (its zeros belong to the open left half-plane). It
1.1 Notation is called Strictly Minimum Phase (SMP) if it is mini-

mum phase and d&t£ 0, and Hyper Minimum Phase

Throughout the paper the superscript stands for ~ (HMP)ifitis minimum phase and > 0.

matrix transposition® " denotes then dimensional Remark 1. HMP is closely related to the ASPR for
Euclidean spaceg "™ is the set of alnx mreal ma-  square systems. For strictly proper square systems,
trices, and the notatioR >0, for P € £ ™", means  the conditions which define the ASPR property are
thatP is symmetric and positive definitdz, denotes  similar, and in such cases any minimum phase system
the transference from the exogenous disturbantze of m inputs and m outputs satisfying alsgBz > 0is

the objective functiorz, || Tzulw is its Heo -norm and -~ ASPR (Kaufman et al., 1998).

|| Tzwll2 is its Hp-norm. col{a, b} stands fofa” b"]"

andtr {H} denotes the trace of the mattik Suppose that (1) closed with the feedback
ur(t) = Ky'(t)+v(t) ®3)

2 PRELIMINARIES whereK € ® ™! andv(t) is an auxiliary input. The
proof of the following Theorem can be found in

(Fradkov, 2003).

2.1 Ideal Strictly Proper System and — o
Theorem 1. The system (1) is strictly passifiable by

Ideal Control the output feedback (3) with fixed matrix K iff the sys-
. . . . . tem (1) is HMP.
Consider the following continuous-time linear sys- i ] .
tem: We will see in the sequel, as in (Kaufman et al.,
X(t) = AX(t)+Bu(t), x*(0)=0 1998), that the HMP property allows applying a class
v = Cox(t) ’ (1a,b)  of direct adaptive controllers referred to as “simple

_ ) adaptive controllers”. In the sequel we assume that
wherex(t) € " is the system statg; (t) € £ ' isthe  the system (1) is HMP.
plant output which can be measured ang) €  Mis
the control input.A, B, andC; are constant matrices 2.3 Perfect Following
of appropriate dimensions.
The output of the plant (1) is required to follow
the output of the asymptotically stable model:

Xm(t) = AmXm(t) +Bmum(t), xm(0)=0
Ym(t) = CmXm(t) Y (t) = ym(t)

(2a,b) . . . i
wherexm(t) € % 9 is the system stataim(t) € % is The next lemma determines the relation that exists be

the plant outputyin(t) € ® ™ is the control input and tween the plant’'s and the model’s state vectors.

Am, Bm andCy, are constant matrices of appropriate Lemma 1. There exist ft) € ™4 and Gt) €
dimensions. The reference model (2) is used to define®. "™ such that the trajectories of (1) are of the form:
the desired input-output behavior of the plant. It is N N

important to note that the dimension of the reference X(t) = F(U)xm(t)+G(t)um(t) (4)
model state may be less than the dimension of the proof: Equation (4) describesy equations with

plant state. However, singg(t) is to trackym(t), the  nx (q+m) variables, thus the existence Bft) and
number of the model outputs must be equal to number G(t) is guaranteed for all & t < «. QED
of the plant outputs.

Perfect Following(PF) is defined as following with
zero tracking error, namely
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Remark 2. Note that Rt) and Gt) are not actually
used; only their existence is required.

Since the system (1) is HMRA = TGB, > 0 so
that/ A~ exists. Define

Kit) = A YTCnAn—TGAF(1)) (5a.b)
Kit) = A YTCnBm—TGAG()). '

If the ideal controu*(t), defined as:
u(t) = Kt +Kit)umt),  (6)

is substituted in (1), we obtain thgt(t) = ym(t). The
ideal control signal* (t) thus achieves PF.

3 PROBLEM FORMULATION

Consider the following continuous-time linear sys-
tem:

X(t)

y(t)

(7a,b)
wherex(t) € ® " is the system statg(t) € & is the
plant output which can be measuredt) € £ " is the
exogenous disturbance which is energy bounded an
w(t) € £2 andu(t) € M is the control inputA, By,

B,, C; and D3 are constant matrices of appropriate
dimensions.

The output of plant (7) is required to follow the
output of the asymptotically stable model (2). We de-
fine the following objective vector:

AX(t) + Brw(t) + Bau(t),
(o)) X(t) + D21W(t)

X(0) = xo

z(t) = Cigy(t)+Dioey(t) (8)

where following (Kaufman et al., 1998), we define
&) = ¥mt)=ylt) = y'O-yt) (9
eut) = u(t)—u(t) (10)

The matrice<C; and D1, are weights used to shape
the control objective (8). It is required to assure that
the plant (7) follows the output of the asymptotically
stable model (2) so that the standatd costJ satis-
fies

IZ |-Vl < o (11)
for anyw(t) # 0 andw(t) € £, by employing a SAC
controller.

4 SOLUTION

4.1 Control Law

We consider a controller of the form (Kaufman et al.,
1998),(Ben-Yamin et al., 2008):

u(t) K* (t)r (t) — O(t)

(12)
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where:
Kit)= [ Ke(t) Ki(t) Ki(t) ]

r(t) col{ey(t), Xm(t), um(t)} (14)
and whereKg(t) € M is a stabilizing gain which is
calculated in the sequé{; (t) e x ™ 9andK;;(t)e® ™
are defined in (5), and whei#t) is an auxiliary in-
put signal which will be defined later. Note that when
g/(t) = 0, the controller (12-14) reduces to (6), for
U(t) = 0. This control, however, requires calculation
of F(t) andG(t) for all 0 <t < o and explicit knowl-
edge of the system dynamics.

Instead, we use the direct adaptive control scheme
known as the Simplified Adaptive Control (SAC)
(Kaufman et al., 1998) to calculate the gains which
lead, in the steady state, to the same control signal
that would have been achieved By(t), K;(t) and
Ki(t). The application of SAC requires neither ex-
plicit knowledge of the gains matrix nor exact knowl-
edge of the system dynamics or the exogenous distur-
bancew(t).

(13)

¢4.2 Simple Adaptive Control Law

Consider the following SAC scheme (Kaufman et al.,

1998):
Where: uit) = K(r(t) (15)
Kt) = [ Ke(t) Kx(t) Ku(t) ]
Ke(t) = Teay(t)ey ()~ (1), Ke(0)=0
Kx(t) = Txey(t)xp(t), Kx(0)=0
Kut) = Tugy(t)um(t), Ku(0)=
(16a-d)

whereTe, Ty and T, are constant weighting matrices
and where

Ot) = o(tr{Ke(t)Ke(t) Ke(t).  (17)
o is a scalar function such that:
B if a<p<ap
= GB_H
o) ={ 0 if otherwise (18)

wherea > 0 andf > 1.

The next two Lemma, which will be required to
assure model following of (7) with a disturbance at-
tenuation level, are proved in (Peaucelle and Frad-
kov, 2008).

Lemma 2. (Peaucelle and Fradkov, 2008)
tr{Ke(t)Ke(t)T} < ap if ey(t) is bounded for all
t>0.

Lemma 3. (Peaucelle and Fradkov, 2008) For all F,
Ke(t) satisfying t{F T F} <a and tr{Ke(t)Ke(t) "} <ap,
the inequality t{@(t)(Ke(t) — F)T} >0 holds.
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We defined(t)=K*(t)—K(t), that is the difference
between the ideal galk*(t) and the current SAC gain
K(t). The control law of (15) can now be expressed
by the following choice of the auxiliary control signal
u(t) of (12):

at) = dt)r(t). (29)
We define the state errors:
ex(t) = X" (t) — x(t)

and using (10) , (12) and (6), we obtain tlegft) of
(10) is given by

eu(t) —Ke(t)ey(t) +U(t) (20)
which, after simple algebraic manipulations, leads to:

&(t) Ag(t) +Biw(t) + Boeu(t)
Coex(t) + Dagw(t)
Crex(t) + Di1w(t) + D1gey(t)

(21a-c)
whereC; £ C,Cy, D11 2 C1D,; andDy, are weights
used to shape the control objective (8).

In order to establish the desired model following
of (7) with a disturbance attenuation leyathen (11)
is satisfied, the asymptotic stability of the error sys-
tem (21a-b) with the objective vector (21c) should
be proven. Stability will be proven here by apply-
ing the fact that passivity implies stability (Peaucelle
and Fradkov, 2008). To this end, define the signal
Yp(t) = Tegy(t) + Dey(t), whereD will be defined be-
low, andp = af3. We are now in a position to state the
main result of this section.

Theorem 2. If there exist two scalarst > 0 and

E> a and two matrices F and D, and three matri-
ces P> 0, R> 0, G> 0 such that the following LMI
conditions hold

TTT _
RGEPE] <0 @
T
{S . } > 0, w(G)<a (23
L PB;—CJT] PB +CJIDx C:iT_
x —D-DT —TeDo1 DJr2 <0
% * —y?1+D) Dy D], | —
* * * —I
(24)
where

L=ATP+PA+CITC+R,
=@ +TJF+FT)

then the adaptive scheme consisting of the plant (7),

the control law (15) and the gain adaptation formula
(16) satisfy the following
i) It strictly passifies the system (21) with respect to

signalstit) andyy(t)in case of zero disturbancep.

ii) Achieve a disturbance attenuation lewelfor zero
initial conditions wheru(t) = 0.

In such a case, the controller is given by (15)-(18),
wheref3 = g

Proof: We consider the radially-unbounded Lya-
punov function candidate

V(&(t); Ke(t)) & (DPec(t)+
tf{(Ke() F)(Ke(t) —F)"}.
(25)

Note thatV(0,F) = 0 and V(e(t),Ke(t)) > O
for all {ex(t),Ke(t)} # {O,F}. Note also that
V(ex(t), Ke(t)) — ooif [|e(t)]| — e or [[Ke(t)]| — oo.
Using (20), the derivative of (25) along the trajecto-
ries of (21) is given by

V() & (H)P(A(t) + Baw(t) — BoKe(t)ey(t)+
Bali(t)) +tr{Ke(t)(Ke(t) —F)T}.
(26)
Using Schur complement argument, we can rewrite
the inequalities of (24) as:
L+ClCc; PB,—CIT] +CID1z Wi

H\J

* -D— DT+D D12 W | <0
* )
where
W, = PB; +CJ D21 +2C{ D1y
Yy = —TeDo1 + 2D12D11
W3 = —y?| + D];D11+ DM D21
Pre and post multiply this inequality by
[ef(t) ej(t) w'(t)] and its transpose respec-
tively, to get
2e] (1)P(A ()+Blw( )+ B(t))
—yPw(t)T +ZT() z(t)
+€] ()Mey(t) — 2yp()() e (DRa(t) < 0
and hence
V() < et PBzKe( ey()+yl(t)ﬁ(t)
+§ (Yw(t)" —ZT(t)Z(t))
(t )Fey< ) & (DRe(t))
+tf{Ke()( (t)*F)T}
Pre and post multiplying (22) by
[el(t) —€](t)Kg (t)] and its transpose, respec-

tively, the following is obtained:

&(t)T PBaKe(t)ey(t) — —ex(t) Re(t) <

&y (1) Ke(t) TeCaex(t) + 36y(t) TKe(t) TKe(t)ey(t)
Combining the last two inequalities, we find that the
derivative ofV/ (t ) satisfies the foIIowing'

v(it) < yp 3(Pw(t)T 2T (t)z(1))
()( ()TKe() Bl) (t)+
ey( )(K (t) - )TTeey( )+
tr{Ke(t)(Ke(t) = F)"}
(27)
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Sincetr{M1Mz} =tr{M2M1}, we obtain that:

&) (1)(Ke(t)— F)'Tegy(t) =tr {Tegy (1) €] (t) (Ke(t)—F) T}
Therefore, using (16b), one obtains

&) (t)(Ke(t) —F) T Teey(t) + tr {Ke(t) (Ke(t) — F)T}
—tr{o(t)(Ke(t) = F)"}

which is negative due to Lemma 2. Moreover, Lemma
1 guarantees that (KJ Ke) < a, and using the fact
thatB = af, henceKe(t) "Ke(t) — Bl < 0. The deriva-
tive of the Lyapunov function along the closed-loop
trajectories is therefore, for dll> 0, bounded by:

V() < yRma() + 3 (vAw(t)Tw(t) — 2T (t)z(t)).
(28)

For w(t) = 0, taking the integral of (28) over time
proves strict passivity of the system. Rift) =0 and
zero initial conditions, taking the integral over time
leads to the standard interpretationyafs a bound on
the Ho, norm of the system. From the definition of
u(t) it follows thatu(t) = 0 if

(Kx (1) — Ku(t))xm(t) + (Kj (t) = Ky (t) Jum(t)

0.
(29)
Note that model following does not requike (t) =
K(t); it suffices that the LHS of (29) vanishes. Note
also that*(t) may not be unique. QED

Remark 3. The parametery, a andﬁ = af} appear
distinctly in LMIs (22-24). The K performance of

the closed-loop is represented fpywherea{’ — a is

the allowed dynamic range of the SAC gain. Since

a larger gain range (intuitively) can cope with larger
system performance variations, it may be said that, in
principle, we are faced with a Pareto optimal perfor-

mance versus robustness problem. The minimization

of ytraded the maximization @ — a. ( In fact, sepa-
rater minimization ofx and maximization off)
Remark 4. LMl's (22-24) are affine in the system

matrices, therefore Theorem 1 can be used to derive a

criterion that will guarantee the stability in the case

where the system matrices are not exactly known an

they reside within a given polytope. Denoting
Q={A B B}

whereQ € Co{Qj, j = 1,...N}, namely,

(30)

N N
Q=% fjQj forsome 0<f;<1 ) fj=1
A 2

(31)
where the vertices of the polytope are described by
Q| = { AD B Bl } i=1,2..N. (32)

Multiplying (22-24) by f and summing over §
1,2,...,N, it is readily obtained that the stability and
performance conditions are satisfied o¥&r
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5 NUMERICAL EXAMPLES -
MIMO LATERAL CONTROL
FOR A 747 JET TRANSPORT

In this section we present a numerical example to
demonstrate the application of the theory developed
above. Consider a modified version of a 747 air-
craft using the classical control design features in the
Control System Toolbox of MATLAB (Mathworks,
1995). The example is modified to include distur-
bances and deals with bank angle and yaw rate control
(MIMO case) of the airplane.

The example describes the dutch roll mode of a
747 jet transport. A simplified trim model of the air-
craft during cruise flight aMACH = 0.8 andH =
40,000ft has four states: sideslip andlad|, bank
anglefrad] , yaw rate[rad/sd, roll rate [rad/sed.
The plantinputs are ruddéad] and ailerorjrad] de-
flections. We assume that the bank angle, the yaw
rate and the roll rate are measured. The plant of (7) is
described by the following matrices:

—0.0558 —0.9968 00802 Q0415
A_ | 05980 —0.1150 —0.0318 0
~—| —3.0500 03880 -0.4650 O
0 0.0805 10 0
00073 0
B _p,_ | 04750 00077
1=P2= | 01530 01430’
0 0
01 0 O 006 O
sz[o 0 02 10}’[)21:{ 0 0.06}’

The weights matrices of the control objective (8) are

chosen as:
0.001
} ,D1p= { ] .

0

0

0.001

61:[0 1

gUsing Matlab’s LMI Toolbox (Gahinet et al., 1995),

we find that the LMI’s (22-24) are feasible for:

01 0
D{ 0 01 ]

152 —005 003 001

o | 005 162 —001 001

=| 003 —001 005 002

001 001 Q02 002
544 —001 —0001 Q002
1| 0004 5450 0001 —0.003
=10"1 0001 —0001 5456 Q001
0002 -0003 Q001 5445

F=-35G=127,0=1283=14,y=0.6
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o
N

The chosen reference system is: ‘ ‘
0
3 25 0 0 2 0 E_MW
| 4 0 0 0 |10 O 5 _oal
An=l19 o0 -3 —25['Bm=|o 2| £
0 0 4 0 00 o8 ‘
- ° Time [sec] 10 *
0 125 0 O
Cm:[o 0 0 125] 1 ‘
Our aim is to make the plant outputs track the refer- § o
ence model outputs for bank angle step response, say, 5 °©
% sl
w(t) = [ o ] sin(10t)e 00 B | |
0 5 10 15

. . ) Time [sec]
Note that aircraft coordinated turns are :_jccompamgd Figure 2: Simulation results: The rudder and the aileron
by non-zero yaw rates and the model includes this [geg].
feature. The relation between the yaw rate command

(com). and the bank angle commart is: level y. The conditins are formulated in LMI (rather

gtan(@eom) then BMI) form, and are shown to be valid also for

Feom= T TAS systems with polytopic uncertainties.
The design method is simple and the results are

x ¢ ; most encouraging. The results are illustrated via a
andTAS= 235[m/seq is a true air speed of the air- " erical example from the field of flight control and
craft. Th‘? simulation results are given iMiig 172. F|g_. encourage further research of the effects of exoge-
la describes the yaw rate and yaw rate command, Fig., ;5 disturbances and measurement noise for mea-
1b the bank angle and bank .angel comm_and, Fig 2.agrements delayed MIMO systems.
the rudder command and Fig 2.b the aileron com-
mand. Evidently, the yaw rate and the bank angel
successfully tracks their commands by the proposed
control law (15) and the gain adaptation formula (16). REFERENCES
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