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Abstract: In this paper, situations are investigated where customers requiring different types of service, each provided
by distinct servers, are accommodated in one common queue. In such scenarios, customers of one class (i.e.,
requiring a given type of service) may be hindered (“blocked”) by customers of other classes. For instance, if
aroad or a highway is split in two or more subroads leading to different destinations, cars on that road heading
for destination A may be hindered or even blocked by cars heading for destination B, even when the subroad
leading to destination A is free, simply because they have to queue in first-come-first-served (FCFS) order on
the main road.

The purpose of this paper is to study the effect of blocking. We therefore develop a discrete-time queueing
model and establish performance measures related to the number of waiting customers. Based on the obtained
results, we demonstrate that clustering of arrivals according to class pronounces the negative impact of block-
ing. We believe that the impact of class clustering on blocking has been largely overlooked in the regular
operations research and queueing literature.

1 INTRODUCTION (Ngoduy, 2006; Nishi et al., 2009). We refer to (Van
Woensel and Vandaele, 2006; Van Woensel and Van-
In general, when customers require some kind of ser- daele, 2007) for a general overview and validation of
vice, they queue up and await their turn. This can the modelling of traffic flows with queueing models.
range from people waiting at a counter of a post office Similarly, in switching nodes of telecommunication
to cars waiting at traffic lights. When a variety of ser- networks, information packets with a given destina-
vices is provided, usually separate queues are formedtion A may have to wait for the transmission of pack-
for each service type. For instance, in a City Hall, dif- ets destined to node B that arrived earlier, even when
ferent queues are created for the Register Office andthe link to destination A is free, if the arriving pack-
the Housing Department. In some applications how- ets are accommodated in so-called input queues ac-
ever, it may not be physically feasible or desirable to cording to the source from which they originate (the
provide separate queues for each type of service thatwell-known HOL-blocking effect, see (Karol et al.,
customers may require, and it may be necessary or de-1987; Liew, 1994; Laevens, 1999; Stolyar, 2004,
sirable to accommodate different types of customers Beekhuizen and Resing, 2009)). These situations are
(i.e., customers requiring different types of service) in also related to models where queues are “pooled” (see
the same queue. In such cases, customers of one type.g. (Mandelbaum and Reiman, 1998; Van Dijk and
(i.e., requiring a given type of service) may also be Van der Sluis, 2008)) in the sense that customers (cars
hindered by customers of other types. For instance,or packets) that require a different service or have
if a road or a highway is split in two or more sub- a different destination share a common queue. Al-
roads leading to different destinations, cars on that though the queue studied in the current paper can be
road heading for destination A may be hindered or considered as pooled, the difference with the mod-
even blocked by cars heading for destination B, even els in (Mandelbaum and Reiman, 1998; Van Dijk and
when the subroad leading to destination A is free, Van der Sluis, 2008) is that customers can be blocked
simply because they have to queue in first-come-first- by customers of the other type.
served (FCFS) order on the main road. This block- In order to gain insight into the impact of this kind
ing also takes place in weaving sections on highways of phenomenon on the performance of the involved
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systems, we study the number of customers in a sim-ble, we denote by the probability that the next cus-
ple conceptual discrete-time queueing model in this tomer haghe same type as the previous paad by
paper, which is simple enough to allow explicit solu- 1— a the probability that the next customer belongs
tion but rich enough to capture the essential aspectsto the opposite type as the previous ofidne param-
of the problem at hand. We envisage to analyze more etera can then be considered as a measure of the de-
general models in future work. gree of class clustering in the arrival process, and will
therefore be referred to as the “cluster parameter” in
the sequel. It is easily seen that the size of a clus-
2 MATHEMATICAL MODEL ter of customers of the same type, i.e., the number of
consecutive customers of any given type between two
h Customers of the opposite type, is geometrically dis-

We consider a discrete-time queueing system with -
g 95 tributed with parametex and mean value/A1—a).

infinite waiting room, two servers, nameédandB,
and two types (classes) of customers, named 1 and 2. We note at this point that more general models
Each of the two servers is dedicated to a given class ofcould be envisaged to describe the presence of class
customers, i.e., servéy can only serve customers of clustering in the arrival process of the system. For in-
type 1 and serveB can only serve customers of type stance, the transition probability to go from class 1 to
2. Service times of all customers are deterministically 1 (e.g. a) could be chosen different from the transi-
equal to 1 slot each. Customers are served in their or-tion probability to go from class 2 to 2 (e.§), and

der of arrival, regardless of the class they belong to. this would allow us to consider systems where the par-
We call this service discipline “global FCFS” in this tial loads of both classes of customers are not equal,

paper. but preliminary research has revealed that this kind of
The arrival process of new customers in the sys- generalization would complicate the analysis of the
tem is characterized in two steps. system considerably. More specifically, the analytical

First, we model the total (aggregated) arrival approach to analyze the system, as presented in the
stream of new customers by means of a sequence ofnext section, would not be applicable at all. We there-
i.i.d. discrete random variables with common prob- fore prefer to defer more general models to future
ability mass function (pmfg(n) and common prob-  work. From the conceptual point of view, the only
ability generating function (pgfE(z) respectively. price we pay with this choice is that we can only study
More specifically, cases where both classes of customers are equiprob-
able. The effect of class clustering on the other hand

N . :
&(n) = Proljnarrivalsin one slgt, n>0, can be researched thoroughly.

- It can be seen that the two-server system described
E(2) = Zoe(n)z” - above is non-workconserving, for two different (or-
n= thogonal) reasons. First, the fact that the two servers
The total mean number of arrivals per slot, in the A andB are dedicated to only one type of customers
sequel referred to as the mean arrival rate, is given by each, may result in situations where only one of the
A= E servers is active even though the system contains
=E(1) . :
more than one customer (of the same type, in such
Next, we describe the occurrence of the two types a case). This implies that we cannot expect the sys-
(1 and 2) in the sequence of the consecutive arriving tem to perform as well as a regular two-server queue
customers. In this first study, we assume that both with two equivalent servers, i.e., servers able to serve
types of customers account for half of the total load of all customers. In this paper, we consider this form of
the system, i.e., both customer classes are equiprobinefficiency as an intrinsic feature of our system, sim-
able, but there may be some degree of “class clus-ply caused by the fact that the customers as well as the
tering” in the arrival process, i.e., customers of any servers are non-identical. The second reason why the
given type may (or may not) have a tendency to “ar- system is non-workconserving lies in the use of the
rive back-to-back”. Mathematically, this means that global FCFS service discipline. This rule may result
the types of two consecutive customers may be non-in situations where only one server is active although
independent. Specifically, we assume a first-order the system contains customershaith classes. Such
Markovian type of correlation between the types of situations occur whenever the two “eldest” customers
two consecutive customers, which basically means in the system, i.e., the two customers at the front of
that the probability that the next customer belongs to the queue, are of the same type: only one of them
a given class depends on the class of the previous cuscan then be served (by its own dedicated server) and
tomer. In order to keep the model as simple as possi-the other “blocks” the access to the second server for
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e T by introducing the notatior{...)* to indicate the
ﬁ quantity maxo,...). In equation (1), the ran-

dom variables{ry} can be treated as a sequence of

strictly positive i.i.d. random variables (indicating the

. slotk . . .

! ‘ | | > numbers of “available servers” during the consecutive
T T time slots) with common pmf

Uk Ukl r(n)2Proldry=n] , 1<n<2,

Figure 1: Time axis to illustrate the system equations.
and common pgf

customers of the opposite type further in the queue. L2

This second form of inefficiency is not an intrinsic R(z) = z rnz',

feature of two-class systems with dedicated servers, n=1

but rather it is due to the accidental order in which whereby

customers of both types happen to arrive (and receive

service) in the system (as described by the parameter r=a, r@)=1-ao,

a in our model). Itis this second mechanism that we ;.4

want to emphasize in the paper. R(2)=oz+ (1= 0()22 ' )

The structure of the rest of this paper is as fol- : | ]
lows. Section 3 first presents a general analysis of the N fact, this observation is the key to the solution.
number of customers in the system: an expression islt actually turns_ out that_the number of customers that
derived for the pgf of this number and a method is de- ¢an be served in slét(with ug > 1) does not depend
scribed to determine the two remaining unknowns in-On-the actual type of the customer in the head-of-line
that expression. Next, for the special case of geomet-POsition, but only on the identity or non-identity of
ric arrivals, explicit closed-form expressions are ob- the classes to which the two “eldest” customers (at the
tained not only for the pgf but also for the pmf and the - front of the queue) belong, regardless of the numbers
mean value of the number of customers in the system, Of customers served during previous slots. If both cus-
We discuss the results both conceptually and quanti- toMers belong to the same class, which happens with
tatively in section 4. Some conclusions are drawn and Probabilitya; irrespective of the type of the head-of-
directions for future work are given in section 5. line customer, then only one customer can be served.

If the two customers belong to opposite classes, then
both will be served; this case occurs with probability
1—a. This explains why (1) = a andr(2) =1—a.

3 SYSTEM ANALYSIS Itis clear that equation (1) is also correctif< 1, be-
cause, with the given definition of thig's, (ux —r¢)™
3.1 System Equations is equal to zero in such cases.

The fact that the random variablég} are inde-
. . . pendent, in spite of the correlated nature of the types
We start the analysis by defining a number of Impor- ¢ consecutive customers, stems from the fact that -
tant random variables, illustrated in Fig. 1. Specif- i, yhig harticular model - the probability that the next

'Ea"y’ Ieit Uk dl;enot(fa the total system oc_:cur[]:)ancy, €., customer has the same type as the previous customer
the total number of customers present in the System atig ¢y given by the cluster parameterregardiess

”}e b(_agill"m_inghof thé-th slgt, gncbﬁ_theltotal .n#Tber of the specific type of the previous customer. This
of arrivals in the system during this slot (with known - i hjifving circumstance does not exist in more gen-

pmfe(n) and pgfE(z). Furthermore, lefi (initiglly) eral models for the “class clustering” mechanism.
denote the number of customers served duringkthe

th slot, whenuy > 1. Then the following recursive

system equations can be established: 3.2 Analysisof the System Occupancy

U1 =6, ifu<l, For allk, let Ux(z) denote the pgf ofik. Then, from
U1 = Uk + 6 — if i > 1 . equation (1) we can derive

_ +
The two above cases can be summarized in one Uki1(2) =E(2)-E {Z(uk " } ; (3)

single system equation ] ]
with E[] the expectation operator. The second factor

U1 =&+ (Uk—re) ", 1) in the right hand side of (3) can be expanded further
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by means of the law of total probability (using also be viewed as a legitimate pgf). Now, it can be shown

the mutual independence af andry): by means of Rouché’s theorem from complex analy-

. . N sis (Gonzales, 1992; Bruneel and Kim, 1993) that the

E{Z(“k’r” } = GE[Z(“k’l) } +(1fa)E[z(“k’2> } . denominator of equation (7) has exactly two zeroes
(4) inside the closed unit disk of the compleplane, one

Here, the two remaining expectations are to be takenof which is equal to 1, as soon as the stability condi-
with respect to one single random variabje Using tion (6) is fulfilled. It is clear that these two zeroes
standardz-transform techniques in equation (4), and should also be zeroes of the numerator of equation
combining the result with (3), we then obtain (7), asU (z) must remain bounded in those points. For
the zeroz = 1, this condition is fulfilled regardless of
the values of the unknowng0) andu(1), since the

z—1
Ueia(2) =E(2)- (R(l/z)u"(z) Tz [(z+1—-)uc(0) numerator of (7) contains a factor- 1. However, for

the second zero, the requirement that the numerator
+(1- G)Ztk(l)]> ; (5) should vanish yields a linear equation for the two un-
knowns. A second linear equation can be obtained by
where, for alli > 0, invoking the normalizing condition of the pdf(2),
i.e., the conditior (1) = 1. In general, the two un-
uk(i) £ Produy =i . known probabilitiesi(0) andu(1) can be found as the

Now, let us assume that the queueing system at Solutions of the two established linear equations. Sub-

hand is stable, i.e., that the stability condition is ful- Stitution of the obtained values in equation (7) then
filed. It is not difficult to see that, with the system |€ads to a fully determined expression of the steady-
equations established above, the system is stable ifStat€ PgM (2) of the system occupancy.
and only if the mean number of arrivals per slot, given FFO”? th|§ result, various performanpe measures
by E/(1), is strictly less than the mean number of of practical importance can then be derived. For in-
available servers per slot, given B(1), i.e., if and stance, tt1e mean system occupancy can _be found as
only if E_[u] =U .(1). By applylng (the discrete-time ver-
sion of) Little’s result (Kleinrock, 1975; Bruneel and
E'(1) < R(1) Kim, 1993; Fi_ems and Bruneel, 2002), the mean de-
) ) ’ lay (system time) of a customer can be obtained as
or, expressed in the basic parameters of our system, E[d] = U’(1)/A, and so on. In the next subsection,
we treat a special case in which the computations can
A<2-a . (6) be further simplified and explicit closed-form expres-
We now let the time parametlego to infinity. As- sions can be obtained for most quantities of interest.
suming the system reaches a steady state, then both ) ) )
functionsUy(z) andUy.1(z) converge to a common 3.3 Special Case: Geometric Arrivals
limit function U (z), which denotes the pgf of the sys-
tem occupancy at the beginning of an arbitrary slotin Let us consider the special case whereby the number
steady state. As a result, equation (5) translates into aof arrivals per slot has a geometric distribution with

linear equation fobJ (z), with solution mean valué\. Then,e(n) andE(z) are given by
(z—1E(2) [u(0)(z+1—a)+u(1)(1-0a)Z 1 A"
= = | — >
u@@ Z (1-a+azE() : =17 \i3) 0 "20
()
where 1

B =1
and (7) can be rewritten as

0)(z+1-0a)4u(l)(1-0a)z
—A\2+z+(1-q)

u(i) £ lim u(i) .
k—o00

This expression contains only known quantities, u(
except for the two unknown probabilitieg0) and U(z)= , (8)
u(1). These can be determined, in general, by invok-
ing the well-known property that pgf's such dgz) where we have cancelled out a common faaterl
are bounded inside the closed unit disk: |z] < 1} from the numerator and the denominator.
of the complexz-plane, at least when the stability Itis not difficult to see that, as soon as the stability
condition (6) of the queueing system is met (only in condition (6) is satisfied, the (quadratic) denominator
such a case our analysis was justified &h@) can of (8) has two zeroes, one of which] is inside the
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unit disk, and one of whichz) is outside the unit
disk. As explained above, the bounded nature ()
inside the unit disk implies that, should also be a

COMMON QUEUE

4 DISCUSSION OF RESULTSAND
NUMERICAL EXAMPLES

zero of the numerator of equation (8), which happens |, this section, we discuss the results obtained in the

to be a linear function of. It then follows thatJ (z)
can be further simplified by cancelling out the com-
mon factorz— z; from the numerator and the denom-
inator and using the normalizing conditibh(1) = 1.

As a result we obtain

U (Z) = Z— 2 ) (9)
wherez is given by
1414401 -q)
2= ) . (20)

The pgfU(z) given in equation (9) can be eas-
ily inverted; the corresponding pmf of the steady-state
system occupancy reads

(4 o e

i.e., the system occupancy has a geometric distribu-

tion with parameter 1z. The tail distribution
Prolu > i], i.e., the probability that more tharcus-

previous section, both from a qualitative perspective
and by means of some numerical examples.

The first interesting result obtained is the form of
the stability condition (6),

A<2—-a,

which shows that the maximum achievable through-
put of this system, expressed in customers per slot, is
very directly determined by the degree of class clus-
tering in the arrival process as described by the clus-
ter parametea. For this specific model, the formula

is remarkably simple and shows that the achievable
throughput decreases linearly with the cluster param-
etera. As a can take values between 0 and 1, the
maximum throughput can vary between (nearly) 2
customers per slot and (nearly) 1 customer per slot.
It is interesting to look at the extreme values= 0
anda = 1. If the cluster parameter is equal to zero,
then the types of two consecutive customers are al-
ways opposite, and one type of customers can never
block the other type; in this case both servikindB

tomers be present in the system — which can be gre active as soon as at least two customers are present
used as a rough approximation for the loss proba- jj the system, i.e., the system is work-conserving and

bility in a finite-capacity system with room for ex-

actly i customers, see (Steyaert and Bruneel, 1995;

Gouweleeuw and Tijms, 1998; Kim and Schroff,
2001) — can be expressed as

1 i+1
Produ > i] = (5) , 1>0. (12)

The mean system occupariefu] at the beginning
of an arbitrary slot can be easily derived as well:

1 1-2 - /1T 4(-q)
Bl == 20h—2+a) - (19)

Finally, the mean delafe[d] of a customer (ex-
pressed in time slots) can be obtained from the
discrete-time version of Little’s result (Bruneel and
Kim, 1993; Fiems and Bruneel, 2002):

Elu 1-2A—/1+4\(1-0q)
Bl = = ap-27a) -

It is worth noting that the stability condition (6)
is clearly reflected in the expressions (13) and (14),

behaves as a regular queue with two identical servers
able to serve all customers. However, as soon as some
amount of “class clustering” appears in the arrival
stream, the achievable throughput is affected, accord-
ing to equation (6). In the extreme case where the
cluster parameter is equal to 1, all customers belong
to the same class and only one of the two servers is
actually being used by the arrival stream; in this case,
the system behaves as a single-server queue and the
throughput can never exceed 1 customer per slot.
These results show that the presence of “class
clustering” in the arrival stream of a multiclass queue
with dedicated servers and “global FCFS” service
discipline can actually be devastating for the perfor-
mance of the queue, and we believe that this phe-
nomenon has been largely overlooked in the regular
queueing literature. Another way of looking at this
phenomenon is to rewrite the inequality (6) as

(15)

which seems to say that the actual traffic intensidy (
and the cluster parametan)(are equally important

Aa<2,

in that the denominators of both expressions tend to with respect to the stability of the queue: you can

zero as the mean arrival rakeapproaches its limit-
ing value 2— a, indicating the unbounded growth of

afford more load only if you can decrease the class
clustering of the arrival stream, i.e., the class cluster-

(mean) buffer occupancy and delay as the system ap-ing appears to represent some kind of additional or

proaches the border of its stability region.

virtual load to the system. In this sense, the quantity
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arrival rate of 1 and various values of the cluster parameter

tentsE[u] versus the cluster parametey for given
values of the arrival ratk. The figure shows that for
lightly loaded systems (e.@. = 0.5 in the figure) the
influence of class clustering is negligible. This is also
intuitively clear: the demand of the arrival stream, in
such a case, is considerably less than the traffic that
can be handled by 1 server, and therefore, the question
of whether the second server is also active or not —
which is determined by the amount of class clustering
— is not very relevant. However, as soon as the ar-
rival rateA exceeds the value 1, the cluster parameter
o becomes important. Specifically, the average queue
size can even grow without bound whemeaches the
value 2— A.

Figure 3: Mean system contents versus the cluster parame-  Fig. 4 shows the tail probability Préio> i],
ter for various values of the mean arrival rate. which can be considered as an approximate value for
) _ ) the loss probability in a system with finite storage ca-
A +a cpuld pe considered as some kind of equivalent pacity equal td places, versus the value pffor a
traffic intensity of the system. _ _ given value\ = 1 and various values of the cluster pa-
For the case of geometric arrivals, as discussed in rametera. The results in this figure can be used, for
s_ubsectlon 3.3, we show some numerical results in instance, for dimensioning purposes of the required
figures 2— 4. buffer size to achieve a prescribed loss ratio. As an
Fig. 2 shows the mean system conteffs] ver-  gxample, let us assume a target loss ratio of410
sus the mean arrival rafg for various values of the  tnen the graphs in Fig. 4 show that the required buffer
cluster parametex. The figure clearly illustrates the  gje depends very strongly on the cluster parameter
great and direct (negative) impact of “class cluster- - for g = 0, a storage capacity of 18 is sufficient;
ing” on the average number of customers in the sys- y _ 0.5,0.7,0.8,0.9 and 095 require a buffer size of
tem, for any given arrival intensity lower than 1. More 29, 42, 58, 105, 197 respectively, whereasdot 1

generally, it also shows the shrinking stability region the system is unstable and a loss ratio of 4% not
of the system, as the degree of class clustering in- oyen achievable.

creases. We note that the valoe= 0.5 represents

the case where the types of consecutive customers in

the arrival stream are independent. Our results prove

that neglecting the correlation between the types of 5 CONCLUSIONSAND FUTURE

consecutive customers may lead to either serious un-  WORK

derestimation or overestimation of the mean system

occupancy. In this paper, we have developed a queueing model
In Fig. 3, we have plotted the mean system con- that enables to evaluate scenarios where customers
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requiring different service types, each provided by in section 2, the current study is restricted to systems
distinct servers, are accommodated in one commonwhereby both customer classes are equiprobable and
gueue. We have proposed a dual-class, two-serverthe probability of having a next customer of the same
gueueing model with class-dedicated servers in dis- (or opposite) type as the previous one does not de-
crete time, operating under the global FCFS service pend on the type of the previous customer. Many dif-
discipline, assuming independent arrivals from slot to ferent types of more general models than this can be
slot with a simple first-order Markovian class cluster- envisaged. For instance, the types of consecutive cus-
ing model. The model is relatively simple so as to tomers in the arrival stream could be modeled as a
allow for an analytical solution, but yet contains all two-state Markov chain with general transition prob-
the important elements needed for a conceptual studyabilities, or the sizes of subsequent clusters of cus-
of the effect of “global FCFS” on this type of queue. tomers of each type could be described by general
We emphasize that we have succeeded in deriving an(rather than geometric) probability distributions, and
explicit formula for the pgf of the system occupancy, so on. We plan to tackle several of these generaliza-
under general assumptions with respect to the arrivaltions in future work.

statistics. For the special case of geometric arrivals,

we have even been able to obtain explicit closed-form
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