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Abstract: In this paper, we propose a new routing problem to model a highly relevant planning problem in small package
shipping. The problem, called Prize-Collecting Vehicle Routing Problem with Non-Linear cost (PCVRPNL),
allows for each customer the choice of being serviced by a vehicle of the private fleet or being outsourced to
a subcontractor. A lower bound on the total customer demand serviced by the private fleet ensures a constant
capacity utilization. The subcontracting costs follow a non-linear function representing the discount given
by a subcontractor if larger amounts of packages are assigned. To solve the NP-hard problem, we propose a
Variable Neighborhood Search algorithm. In numerical studies performed on benchmark instances adapted
from classical VRP, we demonstrate the strong performance of our algorithm and study the effect of different
cost functions on the routing solution.

1 INTRODUCTION Fleet and Common carriers (VRPPC) (Bolduc et al.,
2008).

The market of small package shippers (SPS) drasti- However, the VRPPC disregards important real-
cally changed since the deregulation in EU as well as World characteristics. First, a lower bound of cus-
in USA. The formerly big players like DHLoperated ~ tomer served by the private fleet is mandatory in order
a huge fleet of vehicles and performed all last-mile to maintain the profltablllty of the vehicle fleet. Sec-
deliveries by their own emp|oyees_ However, rising ond, the costs Charged by the subcontractor for serv-
competition forces them to adapt the business modeling an additional customer follow a non-linear cost
of companies like DPB that use subcontractors for function, since the subcontractor itself tries to opti-
the last-mile deliveries. Instead of high fixed costs in- Mize its capacity utilization.

curred by vehicles or employees, they pay subcontrac-  In this paper, we contribute by modeling the real-
tors per parcel delivered. Beside outsourcing of whole world planning task as a Prize-Collecting Vehicle
delivery areas, subcontractors are often used on theRouting Problem with Non-Linear costs (PCVRPNL)
operational level to balance high demand fluctuations, extending the well-known Prize-Collecting Traveling
in particular when the capacity of the owned vehicles Salesman Problem (PCTSP). In a PCTSP, a prize is
is not sufficient to serve all customers on a given day. collected when visiting a customer and penalty costs
On these days, the problem is to decide which cus- incur for each unvisited customer. An additional con-
tomers should be served by an own driver and which straint requires to collect at least a given prize. The
customers should be subcontracted. Thus, a trade-offobjective is to minimize the sum of distances traveled
between routing costs based on the solution of a Ve- and penalty costs for unvisited customers. In our case,
hicle Routing Problem (VRP) and the fixed costs for penalty cost are equal to subcontracting cost while at
subcontracting a customer have to be made. (Chu,leasta given customers demand (prize) have to be ser-
2005) modeled this planning problem, relaxing sev- viced by the private fleet. We generate a set of test in-
eral practical constraints, as an extension of the clas-stances which we solve by means of a Variable Neigh-

sical VRP, which was later named VRP with Private borhood Search (VNS) algorithm. Furthermore, we
study the effect of different cost functions on the route

Iwww.dhl.com design and the subcontracting decisions as well as the
2ywww.dpd.com influence of the lower bound chosen for the customer
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assignment. the optimal schedule so as to minimize the production
The remainder of our paper is structured as fol- costs while profits of orders are considered.
lows. In Section 2, we briefly review the literature In the context of deliveries from warehouses to lo-

related to our work. Subsequently, we formulate the cal customers, (Chu, 2005) proposed a routing model
PCVRP as an Integer Linear Program (ILP) in Section based on a VRP, in which a customer can either be
3. The proposed VNS solution method is detailed in served by a truck of the privat fleet or outsourced to

Section 4. In Section 5, we present the computationala common carrier. While costs for deliveries per-
studies performed followed by some concluding re- formed by a private truck depend on the distances
marks in Section 6. traveled plus fixed vehicle cost, a common carrier is
paid a fixed price per assigned customer. The ob-

jective is to minimize the total costs incorporating

2 LITERATURE REVIEW fixed vehicle costs and variable tr_avc_al costs of_ pri-
vate trucks as well as costs of assigning deliveries to

. . . . . ; the common carrier. To solve this NP-hard problem

In this section, we provide a brief review of literature |, 1.1, \was later named VRPPC (Bolduc et al., 2008),
on PCTSP and VRPPC which are of importance for (Chu, 2005) presented a simple heuristic based on

our Worl_<. i L 4 ) the well-known Clarke and Wright algorithm (Clarke

The |de'c_1 of prlze—colleqtlngflrst arised in the con- o4 Wright, 1964). Another simple heuristic that
text of the iron and steel mdus'gry. There, a _PCTSP outperforms the approach of (Chu, 2005) was devel-

was used to model the operational scheduling of a oped by (Bolduc et al., 2007). (Bolduc et al., 2008)
steel rolling mill. (Balas, 1989) transferred this idea ,,qeled the VRPPC as heterogeneous VRP and
to the general case of a traveling salesman and St”diedproposed a randomized construction-improvement-
structural properties. A traveling salesman collects a perturbation heuristic. Furthermore, they generated
prize for each city visited and has to pay a penalty for 4 |arge sets of benchmark instances for the VRPPC
each city that remains unvisited. The objective is to i, up to 480 customers, based on classical VRP
minimize the total distance traveled and penalty costs j,stances. Recently, two tabu search (TS) heuris-
in_curred for unvisited cities while collecting atleasta {jcs have been develé)ped for the VRPPC. (Coté and
given amount of prize money. Several solution meth- pqrin, 2009) presented a heuristic which is mainly
ods are ,proposed for the PCTSP in literature. __ based on the unified TS framework proposed by

(Dell’Amico et al., 1998) presented a heuristic (cordeau et al., 1997))see also¢ Cordeau:2001. The

that starts from solutions obtained by lagrangian re- go|ytions obtained by this heuristic were further im-

laxation. The subsequent improvement phase appliesproved by the TS of (Potvin and Naud, 2011) which
an extension and collaborate procedure. is enhanced by the concept of ejection chains. Nu-
Recently, (Chaves and Lorena, 2008) proposed merical studies show that ejection chains helped to

a hybrid metaheuristic that generates initial solu- clearly improve the solution quality, in particular on

tions by means of a combined greedy randomized jhstances with heterogeneous vehicle fleet, but lead
search procedure and VNS. Based on this, clusters arey gg tg a significantly increased computing time.

formed and promising clusters are identified in order
to further improve those by a local search procedure.
However, no common benchmark set for PCTSP
exists so that the quality of the various solution meth- 3 ILPFORMULATION OF THE
ods proposed can not be evaluated straightforward. PCVRP
For an extended literature review, we refer the
reader to (Feillet et al., 2005) who provide a classified Adapting the VRPPC formulation of (Bolduc et al.,
overview of literature on traveling salesman problems 2008), the PCVRPNL can be stated as follows. Given
with profits that also include the PCTSP. an undirected graph with a vertex et {0...n} and
In the context of iron and steel industry applica- an arc sefA. Vertex 0 denotes the depot and all other
tions, (Tang and Wang, 2006) extended the PCTSP tovertices are customers with a demandjofinits. A
a prize-collecting vehicle routing problem (PCVRP) customer can either be serviced by a vehictd the
in order to model the scheduling of a hot rolling mill.  set of private vehicle& or by a subcontractor. The
Each customer represents an order to be scheduledgrivate vehicle fleet consists of identical vehicles
which has a given length that corresponds to the de-with restricted capacit®). For each vehicle used fixed
mand of the customer. Each vehicle route describes acostsfy are charged as well as variable cosgsfor
turn whereby the vehicle capacity corresponds to the traversing edgéi, j).
maximum length of a turn. The objective is to find Assigning a customer to a subcontractor incurs
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non-linear cost consisting of a standard pricevhich straint (6) specifies the minimum customer demand
is discounted by factofl — e). The pricep; denotes  to be serviced by the private fleet. Subtour elimination
the cost charged if only customkis assigned to the  constraints are given in Constraints (7). Finally, Con-
subcontractor andthe discount factor. With growing  straints (8) define the binary nature of varialgig,
total demand delivered by the subcontractor, discountyy andz and Constraints (9) define the possible val-
factoreis increased following a stepwise function in  ues forui.

order to represent the situation in practice. At ldast The model differs from the VRPPC formulation
demand units have to be delivered by the private fleet. in the objective function (1), that includes the non-

Furthermore, we use the following binary vari- linear subcontracting cost, and in Constraint (6), that
ables. Variablexjk is equal to 1 if vehiclek uses defines the minimum “prize” to be collected. In our
edg€i, j), otherwise 0, foii,j € V,i # j andk € K. case, the prize corresponds to the demand serviced by
Variableyi is set to 1 if vehiclek visits nodei, oth- the private fleet.
erwise it is equal to 0, for € V,k € K. The binary
variablez takes value 1 if customeris assigned to
a subcontractor, otherwise 0, foe V\{0}. Finally, 4 SOLUTION METHOD FOR THE
let ux denote an upper bound on the load of vehicle
vehiclek upon leaving customerfor i € V\{0} and PCVRP
keK (Bolduc etal., 2008; Coté and Potvin, 2009).

The PCVRPNL is designed to model the real-world

min z fic- Yok =+ z ijbql Xijk route planning problem of an SPS. Since the prob-
lem is clearly NP-hard, only small instances can be
J#' solved by an exact approach. In order to tackle large
real-world instances, we propose a VNS algorithm.

+(1-¢- Zpi "4 (1) The algorithm is adapted from the Adaptive VNS pro-
n = m posed by (Stenger et al., 2011) for the Multi-Depot
Z — Z Z*Ok <m ) VRPPC, where it has shown its high performance in

=1 both solution quality and computing time.

In general, VNS, originally proposed by (Mlade-
Xhik = 20 ihk =Yk, heV;keK (3) novi¢ and Hansen, 1997), is a metaheuristic that per-
|= i= forms local search on systematically changing, ran-
17 # domly generated neighborhoods. In this way, a high

. . diversification is achieved which helps to efficiently
kZly'k +z=1 1eV\{0} “) search for improving solutions. VNS is highly popu-

pu}

k

= ||M3

=}

3

n lar especially for tightly constraint and large routing
Zlql Vk<Q, keK (5) problems such as VRP with time windows (Braysy,
i= 2003) and large-scale VRP (Kytojoki et al., 2007).

m In Figure 1, we provide a pseudocode of the basic
ZI Z Yik-Gi > L (6) VNS algorithm as proposed by (Hansen and Mlade-
1= novic, 2001). In the initialization phase, a setiof
Uik — Ujk + Q- Xijk < Q—aj, neighborhood structuregy has to be defined. After
i,j eV\{0};i#]j;keK @) finding an initial solutiorx the algorithm proceeds to
Xk € {0,1};yi € {0,1};7 € {0,1} 8) the shaking phase which is repeated until a stopping
>0, ieV\{0},keK ) criterion is met. In the shaking, starting from initial

solutionx, a first neighboring solutior’ is randomly
The objective function (1) minimizes the total ex- generated by using the neighborhood struckutel.
penses of the SPS, involving fixed costs for vehicles Subsequently, a greedy local search is performed on
used, variable transportation cost as well as subcon-x' to determine the local minimu{’. If the solution
tracting cost for outsourced customers. The number x” improves on the incumbent solutisnwe replace
of available vehicles of the private fleet is restricted x by x” and the shaking procedure restarts withas
to m by Constraints (2), while Constraints (3) imply initial solution and neighborhood structuke= 1. In
that a customer vertaxhas to be entered and left by casex” is worse than the initial solutior, the shak-
the same vehicl& Constraints (4) ensure that each ing proceeds witkx as starting point and uses now the
customer is either served by the private fleet or a sub- more distant neighborhood structwet 1. Typical
contractor. The maximum capacity of a vehicle of the stopping criterions are a fixed number of iterations or
private fleet is limited tdQ by Constraints (5). Con-  number of iterations without improvement.
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1: {Initialization}
2: Define neighborhood structura& with k € [1,..,Kmax
3: Find initial solutionx
4: Setk :=1
5: repeat
6: {Shaking
7:  Generate randombyf € Ak (X)
8:  {Local Search
9:  Find local optimumx” with local search algorithm
starting from initial solutiorn<’
10:  {Acceptance Decisign
11:  if X’ improvesx then
12: XX’
13: K1
14: dse
15: K+—K+1
16: endif

17: until K = Kmax

Figure 1: Pseudocode of the basic VNS algorithm as pro-
posed by (Mladenovi¢ and Hansen, 1997).

In the following, we provide the algorithmic de-
tails of the initialization, shaking and local search
phases used in our VNS algorithm designed for the
PCVRPNL.

4.1 Initialization
The aim of the initialization phase is to quickly com-
pute a first feasible solution which serves as starting

point for the shaking phase. In detail, we need first to
assign all customers either to the private fleet or the

subcontractor and second to determine vehicle routes

for the private fleet.

Our approach is a modified version of the initial-
ization method proposed by (Cdté and Potvin, 2009)
for the closely related VRPPC. In general, the idea
is to service not more than the mandatory demiand
by the private fleet and to subcontract all remaining
customers. In order to identify the most suitable cus-
tomers to be subcontracted, we start by ordering all
customers according to the quotignfq; in increas-
ing order, wherep; denotes the subcontracting cost
of customer andg; the demand. Subsequently, we
assign the firsb customers to the subcontractor with

b n b—1
i;Qi > i;q —L> i; ai

wherelL denotes the minimum customer demand to
be service by the private fleet (see Section 3). The
remaining customers are assigned to the private fleet
and initial vehicle routes are constructed by means of
the well-known Clarke and Wright algorithm (Clarke
and Wright, 1964). The routing is further improved

(10)

arch and Enterprise Systems

4.2 Shaking

Starting from an initial solution, the shaking proce-
dure randomly generates neighboring solutions based
on predefined neighborhood structures. We define
our neighborhood structures by means of a move-
exchange and a cyclic-exchange operator (Thompson
and Psaraftis, 1993). In both cases, we separate those
neighborhoods that only consider routes of the private
fleet and those that allow the exchange between routes
of the private fleet and the subcontractor. In detail, we
use the following neighborhood structures.

e Moving a sequence of customers among vehicle
routes of the private fleefThe first six neighbor-
hood structuresk(= 1, ...,6) move a sequence of
w customers from one route into another. The se-
quence lengthw to be exchanged on neighbor-
hoodk is randomly selected as niij, k], |N|),
where|N| denotes the number of customers in the
route.

e Moving a sequence of customers among vehi-
cle routes of the private fleet and subcontrac-
tor: The following six neighborhood structures
(k =7,...,12) are similar to the first set, however,
customer sequences can additionally be inserted
into or removed from the subcontractor.

e Exchanging customer sequences among vehicle
routes of the private fleetThis set of neighbor-
hood structures transfers sequences of up to 6 cus-
tomers among up to 4 routes in a cyclic way. Con-
sidering an example with three routes, a customer
sequence is removed from routg and inserted
into router, where a sequence of customers is
extracted and moved to routg. The sequence
removed from routes is finally inserted intary,
which closes the circle of exchange. Neighbor-
hood structureg = 13,...,18 consider exchanges
among 2 routesg = 19, ..., 24 exchanges among

3 routes and neighborhood structukes 25,...30
involve exchanges of up to 4 routes. The maxi-
mum sequence length to be exchanged increases
for each subset with increasingand the actual
length to be exchangeadis randomly selected as
described in the first set.

Exchanging customer sequences among vehicle
routes of the private fleet and the subcontractor
This set of 18 neighborhood structures is similar
to the third set but involves again not only vehicle
routes of the private fleet but also the subcontrac-
tor.

4.3 Loca Search

by a greedy local search that uses the neighborhoods

described in Section 4.3.
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mized by a greedy local search to determine the local search leading to an intensification phase at the end in
optimum. On the single route level, we use the well- which all non-improving solutions are rejected.

known edge-exchange operators 2-opt and Or-opt. 2-

opt replaces two existing edges by two new ones (Lin,

1965) while Or-opt similarly substitutes three non-

consecutive edges without inverting any of the route > COMPUTATIONAL STUDIES
segments (Or, 1976). Considering exchanges among ) _

different routes, we apply the relocate-exchange asWWe coded our VNS algorithm in Java and run all
well as the swap-operator. In a relocate move, a single€sts as single thread on a standard personal computer
customer is extracted from one route and inserted at€duipped with an Intel Core i5 Processor with 2.67
the cost-optimal position in another one. Given cus- GHz and 4 GB RAM. Since the PCVRPNL is a new

tomera in router; and customeb in router,, the ~ Problem class, we designed a set of benchmark in-
Swap_operator inserts custon®m ri at the former stances based on classical VRP ones which we use

position ofa and customea into r, at the former po- for our numerical testings (Section 51) To Study the

sition ofb. influence of the non-linear cost function on the sub-
In order to efficiently explore the solution space, contracting decision, we performed tests with differ-

infeasible solutions are accepted during the search by€nt cost functions, which we present in Section 5.2.

means of a penalty mechanism. In the case of the N Section 5.3, we anal_yze how the vaI_ue of the mini-

PCVRPNL, a solution can be infeasible in terms of Mum demand to be delivered by the private fleet influ-

violating capacity limits of vehicles and falling below ~ €nces the overall solution. The general performance

the minimum demand to be serviced by the private of our VNS heuristic on related prpblems, such as

fleet. Any violation is penalized by adding a penalty. YRPPC, has already been proven in (Stenger et al.,

term to the objective function. Le®verCap de- 2011).

note the overcapacity andwPrizethe demand units

required to satisfy the typical prize-collecting con- 5.1 Benchmark Instances

straints. If a solutiors is infeasible, we add to the ob-

jective function value(s) a penalty term as follows:  The PCVRPNL is an extension of the classical VRP.

f(s) = c(s) + a- OverCap+ B-LowPrize The vari-  For this reason, we select the classical VRP instances
ablesa and[3 describe the penalty factors which are proposed by (Christofides and Eilon, 1969) as basis
positive weights in the intervaPenmin, Pefnay. Ini- for designing a new PCVRPNL benchmark set. The

tialized with a valuePennit, we update these weights  penchmark design is inspired by the VRPPC instances
after each iteration without violation (with violation)  gescribed in (Bolduc et al., 2008). Note that using the

of constraints by dividing (multiplying) by.5. VRPPC instances is not appropriate since the subcon-
o tracting costs used there mainly depend on the cus-
4.4 Acceptance Decision tomers’ distance to the depot. In real-world small

package shipping, costs charged by a subcontractor

The solutionx” obtained in the local search is com- are, however, based on the demand of the customers.
pared to the current best solutizrand accepted ac- The 14 newly designed instances consider up to
cording to a given criterion. In standard VNS ap- 199 customers and are thus sufficiently large for our
proaches, only improving solutions are accepted. Re-studies. In detail, we keep the depot and customer
cent works, however, show the high efficiency of us- coordinates, the customer demand values as well as
ing an acceptance criterion inspired by simulated an- the vehicle capacities of the original instances. We
nealing (Hemmelmayr et al., 2009). In this case, add fixed vehicle cosfy which are highly relevant
we still accept each move that improves the incum- for subcontracting decisions and computed the
bent solution and additionally deterioating moves ac- standard subcontracting prigg for each customer.
cording to the Metropolis probability. Let(-) be Let C(x*) be the objective function value arkf
the objective function value an@ the temperature, denote the number of vehicles required of a very
the probability of accepting solutior’ is equal to good solution to the classical VRP instance (avail-

) -C(x) able on http://neumann.hec.ca/chairedistributique/

- )
e B . The temperature parameter controls the ) .
degree of the diversification achieved by accepting datajvrp/old/). The f'Xe‘g(gfage cost of a vehikle

worse solutions. Starting with an initial val@g; > is then computed af = = rounded down to the

0, we constantly reduce the value by factge. af- nearest integer. The standard subcontracting price
ter each VNS iteration. In this way, the probability of 0f customeri is calculated agi = ¢ - %
accepting a worsening solution decreases during thewhere g; denotes the demand of customierand
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g =Y ,q the total demand of all customers of Cost Factor
the specific instance. Furthermore, we restrict the
number of vehicles available at the depokt@nd set

the minimum demand to be served by the private fleet
L to 0.74. Finally, we compute a simple upper bound
(UB) for our benchmark instances by adding the
vehicle fixed cost, calculated as described above, to
the current best known solution of the corresponding
VRP instance published in (Vidal et al., 2011).

In a preliminary testing on the benchmark set, we
identified the following parameter setting as the best
compromise between solution quality and computing
time. We start with an initial temperature @fi; = 50

' . g i i i ~
and decrease it after each iterationfy. = 0.05%. 080 180 2801 s ; racted
Furthermore, we reset the temperaturéig every 0 gL ‘;)COH ”;C ¢
. . . . . eman .
time we performed 200 iterations without improve- Seurrent

ment in order to force diversification. The penalty Figure 2: Stepwise discount function.
factorsOverCapandLowPrizeare assigned an initial

valuePenpit = 100 which is varied during the search Cost Factor

betweerPenyi, = 1 andPenyax= 10000. We stop the (1-e)

search after 1500 iterations without improvement. A

5.2 Cost Functions

In industry practice, a subcontractor is mainly paid
per package volume, i.e. demand unit, which an SPS
assigned to him. However, the price per demand unit
is usually not fixed but depends on the total subcon-
tracted demand. Subcontractors especially give dis-
counts if the demand to be delivered for an SPS fills
a whole vehicle. In that case, the delivery opera- >

tions are most efficient. This fact is represented by L Subcontracted
the common stepwise discount function of a subcon- 0 L

tractor which is depicted in Figure 2 tailored to our
PCVRPNL model. Given the standard prigerepre-
senting costs for solely subcontracting custoimee.
discount factorenin = 0, the value ofe is increased
every time the total demand assigned to the subcon
tractor geurrent €XCeeds 80% of the vehicle capacity
Q. The discount factoe is limited to enax = 0.4,
i.e. a subcontractor gives at most a discount of 4
with respect to the standard price. In our instances,
we link the discount factoe to the minimum de-
mand to be delivered by the private fldgtsuch that

e reaches its maximum value at latest when the sub-
contracted demand is equal ¢o-"L. In detail, we
calculated the number of discount stepsgoy %

0.6—

Demand Qeurrent

Figure 3: Linear discount function.

Jeurrent denotes the currently subcontracted demand
_(see Figure 3).

The results obtained with both discount functions
are reported in Table 1. In detail, we publish the best
0% solution found in 10 runs (Cost), the average comput-
ing time in seconds (CPU) and the average number of
subcontracted customet$(Q). In addition, we com-
pare our solutions to the upper boutdiB) which is
computed as explained above.

For both discount functions, our solutions found
improve the VRP-based upper bound by more than
: _ ) 20% while requiring moderate computing times.
rounded to thel rz)eearest integer. Faads hence in-  gjnce the value of th&)B corresponds to the best
creased by - 229, with y € [1,p], if the subcon-  known solution of the specific instance without sub-
tracted demand exceedéy — 1) +0.8)- Q demand  contracting, the impressive results show that our algo-
units. In order to evaluate the effect of the stepwise rithm is clearly able to identify those customers that
discount function, we additionally performed tests can be profitably subcontracted and to determine ve-
on the benchmark instances with a linear discount hicle routes at minimal cost. Comparing the solutions

function (1 — emin) + %ﬂ - Qeurrent, Where obtained with the two different discount functions, the
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Table 1: Results obtained on the benchmark instances foP@¥RPNL with a linear and a stepwise discount function.
The upper bound (UB) indicates the best known solution tetteesponding VRP instance, i.e., without subcontracimg
customer.

Linear Stepwise
Instance UB Cost GapUB CPU |SC Cost GapuB CPU |SC
CEP-01 1044.61 908.13 -13.07% 40.6 20.2 887.64 -15.03% 44.16

CEP-02 1660.26 1385.07 -16.58% 35.8 26.8 1356.62 -18.29% .5 49 20
CEP-03 1650.14 1354.51 -17.92% 1452 41.8 133291 -19.22%7.91 36
CEP-04 2048.42 1645.06 -19.69% 308.3 57.5 1608.23 -21.49%4.62 51
CEP-05 2583.45 2141.27 -17.12% 340.2 70.5 2088.79 -19.15%4.93 63.3
CEP-06 1107.43 872.48 -21.22% 37.0 205 846.71 -23.54% 46.45
CEP-07 1811.68 1466.35 -19.06% 37.6 27.2 1430.94 -21.02% .0 509.9
CEP-08 1729.94 1326.69 -23.31% 1472 42.1 1306.56 -24.47%8.11 35.5
CEP-09 232455 1734.84 -25.37% 4405 50.8 1665.60 -28.35%3.64 58.4
CEP-10 2781.85 2159.32 -22.38% 419.6 70.3 212798 -23.50%2.53 63
CEP-11  2078.11 1792.83 -13.73% 305.8 30.7 1727.17 -16.89%3.53 37.2
CEP-12 1629.56 1384.45 -15.04% 112.3 32.7 1359.10 ~ -16.60%0.91 26.2
CEP-13 3081.14 1881.07 -38.95% 4324 37.8 1838.13 -40.34%5.23 37
CEP-14 1724.37 1372.29 -20.42% 122.0 304 1353.61 -21.50%4.31 25.6

average 1530.31 -20.27% 208.9 40.0 1495.00 -22.10% 206.10 36

gap to thel B of the stepwise discount function is al- the results obtained witlh = 0.5 and 09, the num-
most 10% higher while 10% less customers are sub- ber of subcontracted customers is decreased by almost
contracted. This can be explained by the fact that 75% and the gap to the lower bound is 26% worse.
the stepwise function reachegax earlier, i.e. with  Although the findings of this study seem obvious, the
less subcontracted demand. In case of the linear func-results quantify the strong influence of the important

tion, increasing the subcontracted demand uptd-"  real-world constraint that defines a lower bound on
might be always profitable since the discount factor the demand serviced by the private fleet. In addition,
continuously increases. the results prove again the high efficiency of our al-
gorithmin handling the subcontracting decision while
5.3 Varying the Minimum Demand to paying attention to the prize-collecting constraint.

be Delivered by the Private Fleet
6 CONCLUSIONS

One of the main characteristics of prize-collecting
problems is the lower bound given to the prize to be
collected or, in our case, the minimum customer de-
mandL which has to be serviced by the private fleet.
Since the value df strongly influences the outsourc-
ing decision, we performed tests with different val-
ues ofL to quantify the effect on the overall solution
value.

In detail, we solved our benchmark instances us-
ing the standard subcontracting prigewithout any
discount function, which is hence a PCVRP. The
value ofL is varied between.6G and Q9§ while we
solved each instance 10 times with each value. Figure
4 depicts the average gap of the best solutions found
to the upper bound as well as the average number of
subcontracted customers for each valu%of

In this paper, we proposed the Prize-Collecting
Vehicle Routing Problem with Non-Linear cost
(PCVRPNL) to model an important route planning
problem arising in small package shipping. The prob-
lem is closely related to the Prize-Collecting Trav-
eling Salesman Problem (PCTSP) and the Vehicle
Routing Problem with Private fleet and Common car-
rier (VRPPC). Given a single depot, a set of cus-
tomers with known demand and a homogeneous ve-
hicle fleet, the task is to find the vehicle routes for
the private fleet and to decide which customers to
be outsourced to a subcontractor incurring non-linear
cost depending on the total outsourced demand with
the objective of cost minimization. In order to solve
the NP-hard problem, we presented a Variable Neigh-
With increasing value 0% and hence limited flex-  borhood Search (VNS) algorithm which has already
ibility of the algorithm, the solution quality clearly de- proven its high performance on related problems.
creases. Similarly, the number of subcontracted cus-For the computational testing, we designed a set of
tomers decreases when the minimum demand to bel4 benchmark instances adapting classical VRP in-
serviced by the private fleet is increased. Comparing stances. Numerical studies performed on the bench-
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Figure 4: Comparing results obtained with different valagthe lower bound.. Results show that reducingleads to lower
total cost, i.e., to a larger gap to the upper bound and tagailarumber of subcontracted customers.

mark instances clearly show that our algorithmis able Christofides, N. and Eilon, S. (1969). An algorithm for one
to efficiently solve the PCVRPNL. Furthermore, our vehicle-dispatching problemOperational Research
tests demonstrate the strong influence of the value ~ Quarterly, 20(3):309-318.

chosen for the minimum demand to be serviced by Chu, C.-W. (2005). A heuristic algorithm for the truckload
the private fleet. In a next step, we aim to test our al- and less-than-truckload problenturopean Journal

gorithm on a large-scale benchmark set and to study of Operational Researct165(3):657-667.

the multi-depot version of the problem at hand. Clarke, G. and Wright, J. W. (1964). Scheduling of vehicles
from a central depot to a number of delivery points.

Operations Researcii2(4):568-581.
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