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Abstract: The capillary flow of a commercial LDPE melt was studied both experimentally and numerically. The 
excess pressure drop due to entry (Bagley correction), the compressibility, the effect of pressure and 
temperature on viscosity on the capillary data analysis have been examined. It was found that only the 
viscoelastic simulations (using the K-BKZ constitutive relation) were capable of reproducing the 
experimental data well, while any viscous modeling always underestimates the pressures, especially at the 
higher apparent shear rates and L/D ratios. 

1 INTRODUCTION 

Capillary rheometry is extensively used in both 
industry and academia to assess the rheological 
behaviour of polymer melts at high shear rates 
(Dealy and Wissbrun, 1990). When such a flow is 
used and the raw data are collected, a number of 
important corrections should be applied before the 
rheological data can be compared with 
corresponding data from a rotational rheometer 
(Laun 2003; 2004).  

First, capillary flow involves flow through a 
contraction of a certain angle, known as entrance 
pressure or Bagley correction [Bagley, 1957]. This 
pressure is required in order to calculate the true 
shear stress. Many studies have previously attempted 
to examine the origin of entrance pressure and its 
prediction for low-density polyethylenes (LDPEs) 
(Feigl et al., 1994); (Barakos and Mitsoulis, 1995a); 
(Beraudo et al., 1996); (Guillet et al., 1996); 
(Hatzikiriakos and Mitsoulis, 1996; 2003); 
(Mitsoulis et al., 1998). Only just recently the 
problem of predicting the Bagley correction for 
LDPE was solved satisfactorily at extremely high 
shear rates (up to 1000 s-1) for the first time (Ansari 
et al., 2010) by taking into account the effect of 
pressure on the viscosity. 

The effect of pressure on the viscosity is very 
important for some polymer melts, including LDPE. 
Using capillary data from dies of various length-to-
diameter (L/D) ratios, the dependence of viscosity 
on pressure can be assessed (Couch and Binding, 
2000); (Park and Dealy, 2006); (Carreras et al., 

2006); (Son, 2009); (Aho and Syrjala, 2010); (Koran 
and Dealy, 1999). As a first approximation, the 
following Barus equation can be used to determine 
the parameter, pβ , known as the pressure coefficient 
of viscosity: 

( )0 expp p pη η β=  (1)
 

where η  is the viscosity at pressure p, and 0pη  is 
the viscosity at ambient pressure. For the LDPE (of 
main interest in the present work) a value between 

81.3 10−×  Pa and 84.9 10−×  Pa has been reported by 
various authors (Liang, 2001); (Cardinaels et al., 
2007; Park et al., 2008). 

The analysis of the dependence of viscosity on 
pressure is complicated by viscous dissipation 
(viscous heating) effects. Viscous heating in the 
capillary extrusion of polymer melts has been the 
subject of several reviews and studies over the past 
decades (Winter, 1977); (Ybarra and Eckert, 1980); 
(Dihn and Armstrong, 1982); (Milthorpe and 
Tanner, 1987); (Mitsoulis et al., 1988); (Warren, 
1988); (Ko and Lodge, 1991); (Rosenbaum and 
Hatzikiriakos, 1997). 

It is the main objective of this work to study the 
capillary flow of a LDPE melt numerically and 
experimentally  by considering all possible capillary 
effects, combined and separately. Namely, the 
effects of Bagley correction, compressibility, 
pressure dependence of viscosity, and viscous 
heating will be considered in order to assess the 
significance of each effect. 
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2 EXPERIMETAL 

The experimental data used in the present 
simulations have been obtained for a typical LDPE 
melt in order to address the effects of pressure, 
temperature and compressibility on its capillary 
flow. 

The viscoelastic moduli were determined over a 
wide range of temperatures from 130 to 230oC. 
Master curves were obtained using the time-
temperature superposition principle (TTS), and the 
results are presented at the reference temperature of 
160oC. The polymer was also rheologically 
characterized in simple extension using the SER-2 
Universal Testing Platform from Xpansion 
Instruments (Sentmanat, 2003). 

An Instron capillary rheometer (constant piston 
speed) was used to determine the entrance pressure 
(known also as Bagley method) and the viscosity as 
a function of the wall shear stress, σW, and apparent 
shear rate, 3/32 DQA πγ =&  at 160oC, where Q is the 
volumetric flow rate and D is the capillary diameter. 

3 GOVERNING EQUATIONS 

We consider the conservation equations of mass, 
momentum and energy for weakly compressible 
fluids under non-isothermal, creeping, steady flow 
conditions. These are written as (Tanner, 2000); 
(Mitsoulis and Hatzikiriakos, 2009): 

( ) 0u uρ ρ⋅∇ + ∇ ⋅ =  (2)

0 p τ= −∇ + ∇ ⋅  (3)
2 :pC u T k T uρ τ⋅∇ = ∇ + ∇  (4)

 

where ρ is the density, u  is the velocity vector, p is 
the pressure, τ  is the extra stress tensor, T is the 
temperature, Cp is the heat capacity, and k is the 
thermal conductivity. For a compressible fluid, 
pressure and density are connected as a first 
approximation through a simple linear 
thermodynamic equation of state (Mitsoulis and 
Hatzikiriakos, 2009): 

( )0 1 c pρ ρ β= +  (5)

where βc is the isothermal compressibility with the 
density to be ρ0 at a reference pressure p0 (=0). 

To evaluate the role of viscoelasticity in the 
prediction of Bagley correction, it is instructive to 
consider first purely viscous models in the 
simulations. Namely, the Carreau-Yasuda model 

was used to fit the shear viscosity data of the LDPE 
melt. The Carreau-Yasuda model is written as: 

1

0, 1 ( | |)
Cn

C
α αη η λ γ

−

⎡ ⎤= +⎣ ⎦&  (6)
 

where η0,C is the Carreau zero-shear-rate viscosity, λ 
is a time constant, nC is the Carreau power-law 
index, and α is the Yasuda exponent (=2 for the 
simple Carreau model). The parameters of the model 
are listed in Table 1. 

Table 1: Parameters for Eq. 6 at 160oC. 

Parameter Value 
η0,C 617,230 Pa⋅s 
λ 17.727 s 
nC 0.221 
α 0.215 

For the capillary flow simulations the effect of 
pressure on viscosity can be taken into account by 
multiplying the constitutive relation with a pressure-
shift factor, ap, defined by the Barus equation, that is 
(Son, 2009); (Carreras et al., 2006): 

( )
0

expp P
p

a pη β
η

≡ =  (7)
 

where Pβ  is the pressure coefficient and p is the 
absolute pressure, as discussed above. 

Viscoelasticity is included using the K-BKZ 
equation proposed by Papanastasiou et al. (1983) 
and modified by Luo and Tanner (1988): 

exp
( )  + ( 1  )

(  )+ (  )  d 
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(8)

 

where λk and ak are the relaxation times and 
relaxation modulus coefficients, α and β are material 
constants, and IC, IC-1 are the first invariants of the 
Cauchy tensor Ct and its inverse Ct-1, the Finger 
strain tensor. Figure 1 plots the master dynamic 
moduli G' and G'' at 160oC and the model 
predictions (Kajiwara et al., 1995). The parameters 
are listed in Table 2. 

Table 2: Parameters for the K-BKZ (Eq. 8) at 160oC. 

α=7.336 
k λk (s ) ak (Pa) βk 

1 1.28x10-4 4.50x105 1 
2 2.51x10-3 98,795 1 
3 2.06x10-2 48,899 0.18 
4 1.62x10-1 22,089 0.45 
5 1.224 8,842 0.049 
6 6.733 3,397 0.026 
7 43 948.5 0.024 
8 248 287 0.014 
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Figure 1: Experimental and model predictions of G′ and 
G′′ for the LDPE at 160oC. 

Figure 2 plots a number of calculated and 
experimental material functions for the LDPE melt 
at the reference temperature of 160oC.  
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Figure 2: Experimental data (solid symbols) and model 
predictions of shear viscosity, ηS, first normal stress 
difference, N1, and elongational viscosity, ηE, for the 
LDPE melt at 160oC using the K-BKZ model (Eq. 12) 
with the parameters listed in Table 3. 

3.1 Non-isothermal Modeling 

For the non-isothermal calculations it is necessary to 
derive a non-isothermal constitutive equation from 
the isothermal one. This has done by applying the 
time-temperature shifting concept as explained by 
Luo and Tanner (1987; 1988) and will not be 
presented here. For LDPE melts, the following 
temperature-shifting function has been found to be 
adequate for the dependence of rheological 
properties on temperature (Tanner, 2000); 
(Meissner, 1975): 

0 0

1 1( ) expT
g

Ea T
R T T

η
η

⎡ ⎤⎛ ⎞
= = −⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦

 (9)

 

In the above, η0 is a reference viscosity at T0, E is 
the activation energy constant, Rg is the ideal gas 
constant, and T0 is a reference temperature (in K). 
The activation energy constant can be determined 
from zero-shear-rate viscosity data (Meissner, 1975). 

All these properties needed for the non-
isothermal simulations  are gathered together in 
Table 3. 

4 METHOD OF SOLUTION 

The solution to the above conservation and 
constitutive equations is carried out with two codes, 
one for viscous flows (u-v-p-T-h formulation)  and 
one for viscoelastic flows (Barakos and Mitsoulis, 
1996); (Luo and Mitsoulis, 1990). The boundary 
conditions for the problem can be found in our 
earlier publications (Mitsoulis et al., 1998); 
(Mitsoulis and Hatzikiriakos, 2003). 

Table 3: Values of the various parameters for the LDPE 
resin at 160oC. 

Parameter Value 
βc 0.00095 MPa-1 
βp 0.015 MPa-1 
m 0.65 1GPa pn −  (0.11 1MPa pn − ) 
np 0.75 
ρ 0.7828 g/cm3 
Cp 2.25 J/(g·K) 
k 0.0017 J/(s·cm·K) 
E 64,100 J/mol 
Rg 8.3143 J/(mol·K) 
T0 160°C (433 K) 

5 EXPERIMENTAL RESULTS 

5.1 Entrance (End) Pressure 

Figure 3 plots the entrance pressure (or end pressure 
due to L/D=0) of LDPE at 160oC as a function of the 
die length L/D for an extended range of values of the 
apparent shear rate from 5 s-1 to 1000 s-1. This plot is 
also known as the Bagley plot. The data from an 
orifice die are also plotted. The data show a 
curvature with concavity pointing upwards 
consistent with Eq. 1 (effect of pressure on 
viscosity). These results are for a contraction angle 
2α=90°.  

CFD�in�the�Capillary�Rheometry�of�Polyethylene�Melts

293



 

L / D
0 10 20 30 40

ΔP
 (M

Pa
)

-5

0

5

10

15

20

25

30

35

40

45

50

γA=5 s-1

γA=11 s-1

γA=64 s-1

γA=390 s-1

γA=1000 s-1

γa=5 s-1

γa=11 s-1

γa=64 s-1

γa=390 s-1

γa=1000 s-1

LDPE, T=160oC
symbols=exp.
Carreau lines

.

.

.
.
.
.
.
.
.
.

 
Figure 3: The effect of L/D on the pressure for the LDPE 
melt at 160oC at various values of apparent shear rate (all 
effects accounted for). Simulations with the Carreau-
Yasuda model (Eq. 6). 

5.2 the Flow Curves 

Figure 4a plots the flow curves of LDPE at 160oC 
obtained with capillary dies having lengths of 
L/D=2, 5, 16, and 33. The Bagley and Rabinowitsch 
corrections have been applied to the data. Also 
plotted are the linear viscoelastic data at 160oC, 
which agree well with the data at L/D=2 and 5. The 
data clearly shows that there is an effect of pressure 
on viscosity. Using this set of data the pβ  (which is a 
shear-rate-dependent pressure coefficient) can be 
obtained. In our case, βp shows a power-law 
dependency on pressure, according to the following 
equation: 

pn
p mpβ −=  (10)

 

where m=0.62 1GPa pn −  and np=0.75, with the 
pressure p given in GPa. The pressure-corrected data 
for the LDPE are plotted in Fig. 4b. The data 
superposes well and the capillary data agrees well 
with the LVE data. 

6 NUMERICAL RESULTS 

6.1 Viscous Modeling 

It is instructive to perform first calculations with a 
purely viscous model, so that the effect of 
viscoelasticity will become evident later. The 
numerical simulations have been undertaken using 
the viscous Carreau-Yasuda model (Eq. 6). This 
constitutive relation is solved together with the 

conservation equations of mass and momentum 
either for an incompressible or compressible fluid 
under isothermal or non-isothermal conditions 
(conservation of energy equation) with or without 
the effect of pressure-dependence of the viscosity.  
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Figure 4: The flow curves of LDPE at 160°C determined 
in capillary rheometry with dies having L/D ratios from 2 
to 33. The data at the small L/Ds agree well with the LVE 
data obtained from a rotational rheometer at ambient 
pressure. The capillary data have been corrected by 
applying both the Bagley and Rabinowitsch corrections 
(top) and the effect of pressure on viscosity (bottom). 

Collecting all the pressure results together for the 
5 dies with L/D=0.2, 2, 5, 16, 33 and 5 apparent 
shear rates Aγ&  gives in Fig. 3 the well-known 
Bagley plot. The experimental results are shown as 
symbols while the numerical results here and in the 
subsequent graphs are shown as lines. The results 
are below the experimental data, and this is mainly 
due to the inability of a viscous model to capture the 
end correction (for L/D=0). As it was found out in 
[Ansari et al., 2010], a purely viscous model for 
LDPE gives end corrections one order of magnitude 
lower than the experimental ones. It is then at this 
point that we turn our attention to the viscoelastic 
results. 
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6.2 Viscoelastic Modeling 

It is again instructive to compare individual 
distributions of pressure and temperature between 
the viscous and the viscoelastic models. This is done 
in Fig. 5, where we show the pressure results from 
the K-BKZ models for the several pressure drops as 
in Fig. 3. The viscoelastic pressures are markedly 
higher than the viscous ones, and in fact they predict 
the experimental data very well. More detailed 
simulation results for various cases have shown that 
the K-BKZ equation is capable of capturing all 
important effects including the effects of 
compressibility, pressure, viscous heating and 
entrance pressure on the overall pressure required in 
the capillary flow of LDPE. 

7 CONCLUSIONS 

A commercial low-density polyethylene melt 
(LDPE) has been studied in entry flows through 
tapered dies with different L/D ratios. The 
experiments have shown a distinct pressure-
dependence of viscosity with a pressure coefficient 
to be a power-law function of pressure. Full 
rheological characterization was carried out both 
with a viscous (Carreau-Yasuda) and a viscoelastic 
(K-BKZ) model. All necessary material properties 
data were collected for the simulations. 
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Figure 5: The effect of L/D on the pressure for the LDPE 
melt at 160oC at various values of apparent shear rate. 
Non-isothermal simulations with the K-BKZ model with 
pressure-dependence of the viscosity (variable βp). 

The viscous model was found to underestimate 
the extrusion pressures. The viscoelastic model 

showed a very good agreement with the 
experimental results, which appears to be the first in 
the literature for the elastic LDPE melt. The 
simulations showed that: (a) compressibility is not 
important in these steady flows; (b) viscous 
dissipation is important, especially for the more 
severe conditions (high L/D and apparent shear 
rates); and (c) the pressure-dependence of viscosity 
is very important and its correct function has to be 
found experimentally. This is the first time that all 
these effects are taken into account in a viscoelastic 
simulation. 
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