Performance Shaping through Cost Cumulants and Neural
Networks-based Series Expansion

Bei Kang, Chukwuemeka Aduba and Chang-Hee Won
Department of Electrical and Computer Engineering, Temple University, Philadelphia, PA 19122, U.S.A.

Keywords:  Statistical Optimal Control, Cumulant Minimization, Neural Networks, Cost Cumulants, Performance
Shaping.

Abstract: The performance shaping method is addressed as a statistical optimal control problem. In statistical control,
we shape the distribution of the cost function by minimizmth order cost cumulants. Theth cost cumu-
lant, Hamilton-Jacobi-Bellman (HJB) equation is derived as the necessary condition for the optimality. The
proposed method provides an approach to control a higher order cost cumulant for stochastic systems, and
generalizes the traditional linear-quadratic-Gaussian and Risk-Sensitive control methods. This allows the cost
performance shaping via the cost cumulants. Moreover, the solution of gerterabst cumulant control is
provided by numerically solving the HIB equations using neural network method. The results of this paper
are demonstrated through a satellite attitude control example.

1 INTRODUCTION There, we developed a procedure to solve higher or-
der cost cumulant problem using the results of the mo-
We shape the performance of the system through thements. In this paper, we use induction to deriven
statistical properties of the cost function. In linear- cumulant HIB equation, which was not a trivial task.
guadratic-Gaussian (LQG) control, the performance This n-th cumulant HIB equation corresponds to the
is optimized by minimizing the mean of the cost func- performance shaping idea. Then we solve this HIB
tion (Fleming and Rishel, 1975). In statistical opti- equation using a neural network method.
mal control, we minimize any cost cumulant to im- A power series expansion to approximate the
prove the performance of the system. So far the first value function for an infinite-time horizon determin-
mean (LQG) and denumerable sum of all the cumu- istic system was given in (Alberkht, 1961). Apply-
lants (risk-sensitive) of the cost function are inves- ing Galerkin approximate method to solve the gen-
tigated (Lim and Zhou, 2001). However, there are eralized Hamilton-Jacobi-Bellman (GHJB) was given
other statistical parameters that we can vary to shapein (Beard et al., 1997). (Chen et al., 2007) proposed
the performance. This is achieved by minimizing n-th using neural network methods to solve the optimal
cost cumulants. The study of cost control cumulant control problem of a nonlinear finite time system. If
was initiated by (Sain, 1966). The authors extended we define the weighting and the basis functions as
the theory of cost cumulant control to third and fourth polynomials, the neural network is in fact equivalent
cumulants for anonlinearsystem withnonquadratic to power series expansion in that we use coefficients
cost and derived the corresponding HJB equations of the power expansion as the weights in neural net-
(Won et al.,, 2010). HJB equation was derive, but works. However, neural network method has the po-
the solution was not determined. In fact, most HIB tential to be more than simple power series expansion
equations do not have analytical solutions except for by adding additional layers of neurons. In this work,
the special cases of linear systems with quadratic costwe extend the system dynamics of (Chen et al., 2007)
functions. Thus, numerical approximate methods are to stochastic systems. Then we solve the HIB equa-
needed to solve HJB equation. For the first two cu- tions for then-th cost cumulant control problem using
mulant case, we solved the HIB equation using neu-neural network approximation method.
ral networks in (Kang and Won, 2010). In this paper, Section 2 states the problem and defines the nota-
we extend this result to-th cumulants. Thisis nota tions used in this paper. Section 3 develops the HIB
simple extension of the results in (Won et al., 2010). equations for then-th cost cumulant control of the
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system. The induction is utilized in the derivation. In

order to solve the statistical optimal control problem,
we use neural network approximations for HIB equa-
tions in Section 4. The simulation results for the satel-
lite attitude control application is presented in Section
5. Finally conclusions are given in the last section.

2 PROBLEM FORMULATION

Consider a stochastic differential equation:
dx(t) = f(t,x(t),u(t))dt+ a(t,x(t))dw(t), (1)

wheret € [to, tr], X(to) = X0, X(t) € R", u(t) eU C R™,
anddw(t) is a Gaussian random process of dimension
d with zero mean and covarianceWf(t)dt. The sys-
tem control is given as

u(t) = k(t,x(t)),t eT. (2)
The system cost function is given as:
JEX(t);K) = W(x(tr))
(3)

+ /t ’ [1(s,x()) + K (s,x(s))RK(S,X(3))] ds

where(x(tg)) is the terminal cost,(s,x(s)) is a pos-
itive definite functionRis the positive definite matrix.
The goal is to find an optimal controller for system (1)
which minimizes then-th cumulant of the cost func-
tion (3), such thaV/y(t,x Kk(t,x)) = k@m {Vn(t,x,K)}.

We now introduce a backward evolution operator
o(k), defined by

a n
E +|ZO fl (t,X, k(tax))a_+

n , 62
LJZ:l (o(t,x)W(t)o (t,x))i’j —anan )

Then then-th cumulant of cost function, we in-
troduce then-th moments of cost function which is
defined as:

Mi (t, %, K(t,X)) = E{Ji(t,x, K(t, ) |x(t) = x}

Next, we introduce some definitions,
Definition 2.1. A function Mj : Qo — R* is an
admissible j-th moment cost function if there ex-
ists an admissible control lawsuch thatVi(t,x) =
Eix {J'(t,x.k(t,x))} fort € T,x € R".
Definition 2.2. The admissible moment cost func-

tionsMy, ..., M;j defines a class of control lawg
such that for eack € Ky, My, ..., M; satisfy Defini-
tion 2.1.

Definition 2.3. A functionV; : Qo — R™ is an admis-
sible j-th cumulant cost function if there exists an ad-
missible control laws such thaw/j (t,x) = V;(t,xk).
Now, we mathematically formulate the statistical
optimal control problem as follows. Under the as-
sumption thatM,, ..., Mp_1 exist and are admissi-
ble, we find an optimal contrdt* € Ky such that
Vi (t,X) = Vi(t,x, k*) satisfiesv,y (t,x) < Vn(t,x,K) for
all k(t,x) € Km(t,x).
Then-th cumulant of the cost function is given by
the following recursion formula (Smith, 1995), where
we suppress the arguments for the sake of brevity.

"2 (n—1)

IN M i;i!(n—l—i)! “)

It is shown in(4) that then-th order cumulant
can be calculated from threth order moment and the
lower order moments and cumulants. In the next sec-
tion, the above definitions and formulas will be used
to derive the HIB equations for tmeth order cumu-
lant minimization.

Mn—1-iVit1.

3 n-th CUMULANT HJB EQ.

Before we derive then-th cumulant HIB equation,
we introduce then-th moment HIB equation. (Sain,
1967) derived the-th moment HIB equation given in
recursive form,

0 (K) [Mn(t,%,K)] + nMp_1(t, X, K)L(t, %, K)
(5)

Using (5) and théefinition 2.1 we have the fol-
lowing theorem which gives the necessary condition
for the optimality. Consider on open @6 C (Qo).
Theorem 3.1.Let Mj(t,x) € Cp (Qo)ﬂC(QO) be the
j-th admissible moment cost function, assume the ex-
istence of an optimal controllé* € Ky such that

Mj (620 = Mj (t.x k) = min {M;(t,x K)},

=0

thenk* andM}‘ satisfy the following HIB equation,

o(k) [M}‘(t,x)] + M1 (t, X)L (t,x,K") = (6)
fort € T, x € R" and the terminal condition is given
asM; (tr,x) = P(x(tr)).
Proof See (Won et al., 2010).

The following Lemmas are used to obtain tiéh
cumulant HIB equation.
Lemma 3.1. Consider two function;(t, ), Vj(t,x)
€ Cé’Z(Q) NC(Q), wherei andj are non-negative in-
tegers, then

0 (k) [Mi(t, x)Vj (t, x)]

= 0(k) [Mi (t, )] Vj (t, X) +Mi(t, x) 0 (k) [V; (t, )]

(6M (t,%) ) o (t,x)Wa (t,x)’ (an(t,X)).
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Lemma 3.2. Let Vi(t,X), ..., Vik_1(t,X) € Cé’Z(Q) N
C(Q) be admissible cost cumulant functions, then

1t K Vs (Vs
ZZs'k s)! (&)Owc(ax)
k2 (k—1)! M1\ N\
zoﬂk 1-i)! < ox )0W0<6X>'

Proof: Omitted for brevity.
The main result of this paper is given in the fol-

lowing theorem. We use induction to prove the gen-

eraln-th cumulant optimal control.

Theorem 3.2. (n-th cumulant HJB equationlet
Vl('[ X) Vz('[ X) Ve 1(t X) € Cp (Qo) ﬂC(Qo be

an admissible cumulant cost function for the con-
trol. Assume the existence of an optimal control law
ki ym € Km and an optimal value functiod; (t,x) €

C5%(Qo) NC(Qo). Then the minimain-th cumu-
lant cost function/; (t,x) satisfies the following HIB
equation,

0= min { o(K)Va]

keKm

1!’] 1 nl avs ! / aans

Zzs'n s)! (W)OWG( ax) ’
for (t,x) € Qo, with the terminal conditio (t;,x) =
0.

Proof: The mathematical induction method is used
here to prove the theorem. We proved that wheB,

()

the second cost cumulant HIB equation satisfies (1).
The third and fourth cumulant cases were proved in
(Won et al., 2010). Thus, we assume that this theorem

holds for the second, third and-0)-th cumulant case.
We will show that the theorem also holds for th¢h
cumulant case. Henceforth, the argument®oénd
V are suppressed for brevity.

LetV;s be in the class oCFlJ’Z(Q) NC(Q). Apply
the backward evolution operator(k) to the recursive
formula (4), we have

0= 0(K) [Va] = 0 (k) [Mn]

_ 1) 8

3 %o(k) Moa e, O
FromTheorem 3.1lwe have

0 (K)[Mp] +nMp_1L = 0. (9)

Then, fromLemma 3.1and lettingi = n—
i+ 1, we obtain

0(K)[Mn_1-iVi11] = 0(K) [Mn_1-i]Vis1

+Mn_10(K)M 1] + ("ng“ )/o\NoJ ("\g;) .
(10)

1-i, j=
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Substitute (9), (10) into (8), and we have

0=0(K)[Vy]+nMy_1L
"2 (n-1)!

+|Zo|l(n 1-i)!

OM— 1\’ Y
+Mn—1—io(k)[vi+1]+( gxl I) OWGI( al;l)

(11)
Use (9) again foo (k)[Mp_1_i] in (11) results in

0 (K)[Mn_1-i]Vit1

0=0(Kk)[Vy]+nM,_;L

n-2
+ZO||n 1_| [ (N—=1—i)Mn_2Vip1l

aMn— —i ' aV|
+Mn_1_i0(k)[\/i+1]+( o )owd( a;l)

(12)
Using the formula in (Stuart and Ord, 1987),
OM; _ LM then
aVJ jri—j)! &
aMnl.inl' (n—1—i)! Y
Z (n—1—i— ) "%y

Thus, using the assumption that the theorem holds,
from second order ton(— 1)-th order cumulant case,
(12) becomes

0=o0(kVy] - Z " (ﬁn__llz!i)!

i! aV'J /
Mn-1- 'Z)J'(l—l '( ox )OWG

0Vjt1
0Xx

" (-1 |"E (n—1-i) o
+Z,un 1—i)! [; jiin—1—i—jy
Y , (Vi
(50) v (52)

(13)

From (13), we notice that both the second and third
term on the right hand side contain the moment from
{Mx}, wherex = 1, 2, ...,n—2. Therefore, it is
feasible to combine two summations with respect to
My and simplify the equation. For derivation conve-
nience, we usé andq instead ofi and j within the
bracket of the second term of (13),
an+]_
ox )’

i! aV| J /

M
nl'zol (i—J)! (0X>0W0
to distinguish the notations of the second and third

term in (13). Note that the notatioms g andi, j are
indeed equivalent. Therefore, (13) is rewritten as
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. n-2 (n—1)! B (n—1)!
0N~ 3 Gnt—pr | Mo = 2= 1-p)!(p-1) (16)

p! oV, oV, Npi\ oV,
Z)Q' (p—a)! ( x q) °W°,< aqxﬂ) < 0§<|> 0W0/< 5;1) Mn_l_p}

"2 (n-1)! nZt (n—1-i) Compare (15) and (16), we notice that singds
+ ZO i(n—1—1)! Z jin—1—i—j)! equivalent toi and g is equivalent toj, it is obvi-
= ous that they have exactly format except for the signs.
vV , [ OV
e (51) o (%5¢)

Thus they will cancel with each other when they are
summed up. Therefore, the summation of the sec-
n-2 !
(n— l)! aVn,l,i , 0\/i+1
2 im—1-m |\ Tax ) oW\ o
(14)

ond and third term on (14) will be zero. Then we

applyTheorem 3.1(14) becomes (7). The theoremis
proved. O

Now, let us focus on the second and third terms of

(14). We consider the second and third terms as func-4° NEURAL NETWORK APPROX.

tions with respect tiMx. We will compare the coef-

ficients of the samé/, on second and third terms,  Neural network method based on series expansion ap-

i.e whenMp_1_p = Mn_1-j_j. Whenk—1—-p = proximate concept for HIB equations is applied to
k—1—i—],thenp=i+ |, thenwe will determinethe  solve the value function of the HJB equations gen-
corresponding coefficients associated With-1_p = erated in the Section 3.

Mn_1-ij via the following procedure. In the second In our neural network approach, several neural
term of (14), the coefficient associated whh—1 network input function are multiplied by their cor-
IS responding weights and then summed up to pro-

1) duce output which is the approximated value func-
— Z) ' |' ' tion. In this paper, polynomial series expansion
o (n—1-p)(p-0) 15 800 = {8100, 8(x),....8.(x)}' is the neural net-
/ (15) work input function while the weights of the series ex-
(%) owo (%52 s
0\/\/ Mn 1 p

—_ pansion isw (t) = {wx(t),wa(t),...,w (t)}’. These

0X 0x weights are time-dependent. Thé¢h cumulant value
function is represented a& (x,t) = W (t)d.(x) =
yE  W/(t)3i(x). The subscripL in the value func-
tion represents the order of the polynomial series. The
higher the order of the series, the closer the approxi-
mate value gets to the real value.

In Theorem 3.2 the HIB equation for the-th
cumulant case is given. We need to solve this HIB
equation to find the optimal controller. The optimal
controllerk* for then-th cumulant case has the form.

For the third term in (14) becauge= i+j, then for
eachpin [1, n-2], there are combinations ofand j,
such that the summation of which are equaptsuch
as p=0+p, p=1+(p-1), ...andp=(p-1)+1. Because
the range for indexisi =0, 1, 2, ...,p-1, when we
look for the coefficient oMn_1_i_j whenMp_1_i_j =
Mn—1-p, We must find summation of the coefficient of
Mn-1-i—j for all combinations of andj. Therefore,

i=p—1
the corresponding coefficient is C , . 1 V- oV oV
p g - OZ I Mn—1-i— j kf = —-R 1B/ _l+V2 2 +Vn—n
1=p= 2 ox ox X
whereCy,,_, , ; is the coefficient for each and j (17)

which lead to the samie-1-i-j. Substitutep =i+ — jth terminal condition V(t;,x) = 0 where
j,1=0,1,2,...p-1,j = pibacktothe thirdtermof ) v, v are the Lagrange multipliers. From

(14), then the coefficient associated WMla_1_i—j is (1), we assume that
p_1 (n — 1)' Mn,]_,p f(t,X(t), k(t,X(t))) - g(t,X) + B(t,X)k(t,X),
i;a itn—1-i) where the matrice®(t) > 0, B(t,x) are continuous

real matrices. We substitule back into the HIB
equation from the first tm-th cumulant cases, then
use neural network series expansion to approximate
each HJB equation. Assuming terminal conditions for
the value functiotV1, Vo, ..., V, are zero.

e () we (%)
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Then the neural network approximations are used. and analyze the system state space form and derive

We approximagéd/y by Vi (x,t) = Wy, (1)dL(X), Vo
by VoL (X,t) = W, (t)d.(x), etc. We obtain differen-
tial equations for the weigths. Theth order one is
given as an example.

— (BnL(X), BnL (X)) 1 (OBnL (X)G(X). Bl (X)) QWL (t)

n %<8nL<x>, BnL (X)) " ALWhL ()

S

(%), BnL (X)) " BiL WL (t)

|
>
=

+

Y
Ja

S

(%), BnL (X)) o FiL Wini)1

nL(X), SnL (X)) g " GLWh-

\
NI NI
-
on| u\/]
=
=}
I
=
~
|
=]
=

(18)

The terminal conditionsvi (tf),. .., Wni(tf) are

assumed zero and the quantitias B , C , K. and
G_ are defined as follows,

L _ — —
A = ZLWB(I) < 001, (X) BR_lB'D&Ls(X) o1 (X))Q ,

Bi = iwis(t)m& (X)BR1B/08is(X)31L (X)) q,

CL = (tr (6Wo'D (08 (X)Wac (1)) , 81 (X))o,
L _ _ _
FiL = ZLWis(t)<D6(n7i)L(X)Molméis(x)énL(X)>Q;

GL = (tr (oW0'0 (08, (XWaL (t))) ,3nL(X))a.

To solve then-th cumulant neural network equation,
we need to simultaneously solve all thth cumulant

the HJIB equations for the fourth cumulant control.
Let Vi (x,t) = Wy, (t)dL(X) to approximatevy(x,t),

Vo (X,t) = Wy, ()0 (X) to approximatevz(x,t), etc.
The basis functio®, (x) is chosen from the expan-
sion of a polynomial generating functidm; + x +

X3 + X4 -+ X5 4 Xg -+ X7 + Xg + Xg + Xa )2 Which contains
55 elements. Thus, the weights to be determined
are defined agvy (t) = {w1,Wa,..., W55}, Wy (1) =
{Ws6,Ws7, ..., Wi10}, WaL (t) = {W111,W112,...,W1es},
Wy (t) = {Wig6,W167,...,Waz0}. Using neural net-
work method, we solve for the approximatéd(xt),

Vo (X,1), VaL (X, t) andVa (x,t) .

Here we simulate the first four cost cumulant con-
trol, i.e n = 4. Because we use Lagrange multiplier
method to derive the second, third and fourth cost cu-
mulant HIB equations, we solve the HIB equations
by assigning different values for the Lagrange multi-
pliersys, y3 andys. In all simulation, we fixy, = y3
=0.001, whiley, vary from 0 to 0.0001. In Fig. 1(a),
we observe that first cumulant increases with in-
creases ity and the smallest; is obtained whety,
is 0. For brevity we did not show second and third cu-
mulant value functions as a functiongdmma. The
second cumulant, decreases with with increases in
ya and reaches a minimum whgn= 0.0001. This is
related to the variance of the cost function. It is ob-
served tha¥s decreases with increasesyin Fig. 1(b)
shows the fourth cumulaM asy, varies in value. It
is observed/, decreases with increasesyin Fig.
1(c) shows that the neural network weights converge
to constants when integrated backward in time.

Depending on the desired statistical properties of
the cost function, the engineer will choose the appro-
priate Lagrange multiplier values. In the satellite at-

equation by converting the PDEs to neural network titude control case, the mean and the variance are the
ODEs. Then, we solve the approximated ODEs with important factors. Thuw equal to 0.0001 is a good

the corresponding Lagrange multipliers vys, ya to
Yn.

5 SIMULATION

In this section, we will use the neural network to cal-
culate the first, second third and fourth cumulant opti-

mal control for a satellite attitude control application

choice. From the value functions, the corresponding
optimal controllek* is determined by substituting,
V>, V3 andVy back to the following equation,

y 1_,.,(M oVy o0V ovy
k' = —ER B (W +V2a +V3W +V4W) .
(19)
The optimal controllerk*(t,x) is the minimal
fourth cumulant controller. Similarly, the minimal
first cumulant controller (LQG control) is found by

studied in (Won, 1999). This is a linear system with €ttingyz =ys = y4 = 0. Following similar approach,
quadratic cost function. We define the state variables W& can determine higher order cumulant optimal con-

as follows: X = [x1,X2,X3,X4, X5, X6, X7, X8, X9, X10] =
[(paevwa(*)xa(*)ya(*)laQLQ27Q3aQ4]' (p! llJ ande are
the roll, yaw and pitch Euler angles of the satellite.
wx, wy andwy, are the angular velocities of the satel-
lite. Q1, Qo, Q3 and Q4 are the reaction wheel ve-
locities. We consider the fourth cumulant control

200

troller.

6 CONCLUSIONS

In this paper, we studied the statistical optimal control
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