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Abstract: One of the most promising frontiers of bioengineering is the controlled release of a therapeutic drug from

a vehicle across the skin (transdermal drug delivery). In order to study the complete process, a multiphase
mathematical model describing the dynamics of a substance between two porous coupled media of different
properties and extents is presented. A system of partial differential equation describes the diffusion and the

reversible binding and unbinding processes in both layers. Additional flux continuity at the interface and
clearance conditions into systemic circulation are imposed. A Sturm-Liouville problem is solved and an
analytical solution is given in the form of an infinite series expansion. The model points out the role of the
diffusion and reaction parameters, which control the complex transfer mechanism and the drug kinetics across
the two layers. Drug mass are given and their dependence on the physical parameters are discussed.

1 INTRODUCTION drug must be carefully tailored to achieve the optimal
therapeutic effect and to deliver the correct dose in the
Systemic delivery of drugs by percutaneous perme- required time (Prausniz and Langer, 2008). The phar-
ation gransdermal drug delivery TDD for short) of- macological effects of the drug, tissue accumulation,
fers several advantages compared to oral release oduration and distribution could potentially have an ef-
hypotermic injection, guarantees a controlled releasefect on its efficacy and a delicate balance between an
rate that can provide a constant concentration for a adequate amount of drug delivered over an extended
long period of time, improves patient compliance, and period of time and the minimal local toxicity should
represents an attractive alternative to oral administra-be found (Anissimov and Roberts, 2009). Although
tion (Chien, 1992). a large number of mathematical models are available
Drugs can be delivered across the skin to have annowadays for drug dynamics in the skin, there is a
effect on the tissues adjacent to the site of applica- limited effort to explain the drug delivery mechanism
tion (topical delivery) or to be effective after distri- from the vehicle platform. This is a very important
bution through the circulatory system (systemic de- issue indeed, since the polymer matrix acts as a drug
livery). While there are many advantages to deliver reservoir, and a strategical design of its microstruc-
drugs through the skin, the barrier properties of it pro- tural characteristics would improve the release per-
vide a significant challenge. To this aim, it is impor- formances (Rim et al., 2005). It is worth to em-
tant to understand the mechanism of drug permeationphasize that the drug elution depends on the proper-
from the delivery device (or vehicle, typically a trans- ties of the “vehicle-skin” system, taken as a whole,
dermal patch or medicated plaster, fig. 1) across theand modelled as a coupled two-layered system. In
skin (Mitragotri et al., 2011; George et al., 2004). it, together with diffusive effects, local mass non-
Mathematical modelling for TDD constitutes a equilibrium transfer processes are considered here,
powerful predictive tool for fundamental understand- due to the drug binding-unbinding phenomena. In
ing of biotransport processes. In the absence of ex-both layers these effects, usually neglected or under-
periments, many studies have been carried out aboutestimated, play an important role.
TDD, on its efficacy, the optimal design of devices, In this paper a “vehicle-skin” coupled model is
based on with mathematical models and numerical presented and a semi-analytical form is given for drug
simulations (Manitz et al., 1998; Addick et al., 1989; concentration and mass in the vehicle and the skin at
Mitragotri et al., 2011). The transdermal release of various times. Our mathematical approach is similar
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Figure 2: Cross-section of the vehicle and the skin layers.

. . Due to an initial difference of unbounded concentratiofns
to that used to describe drug dynamics from a drug- gndc;, a mass flux is established at the interface 0 and
eluting stent in arterial wall and is based on a two- drug diffuses through the skin. At= 15 the skin-receptor

layer diffusion model (Pontrelliand de Monte, 2010). (capillary) is set. Figure not to scale.

The simulations, aimed at the design of technologi- ) o _

cally advanced vehicles, can be used to provide valu-lted at maximum concentration in solid phase (e.g.
able insights into local TDD and to assess experimen- nanoparticles)d): in-a such (bounded) state, itis un-
tal procedures to evaluate drug efficacy. A major issue able to be delivered to the tissue. Nevertheless, when
in modelling drug penetration is the assessment of the the vehicle is applied over the skin, the “in situ” sys-
key parameters defining skin permeability, diffusion {em starts the release process: a fraction of the drug
coefficients and local mass non-equilibrium transfer Mass is first transferred, in a finite time, to an un-
rates. A big challenge is the large number of param- bounded — free, biologically available — phasg){

eters required for an advanced modelling, often not and diffuses into the biological tissuey]. Similarly,
readily available. in the skin a part of the unbounded drug is metabo-

lized by the cells and transformed in a bounded state
(cp) (percutaneous absorptipnHence, the drug de-
livery process starts from the vehicle and ends to the
skin receptors, with a phase change in a cascade se-
quence, as schematically represented in fig. 3. Lo-
cal mass non-equilibrium processes, such as bidirec-
Let us consider a two-layered delivery system consti- tional drug binding and unbinding phenomena, play a
tuted by thevehicle(the transdermal patch or the film key role in TDD, with characteristic times faster than
of an ointment), and thskin (the stratum corneum those of diffusion. A volume-averaged drug concen-
followed by the skin-receptor cells and the capillary trationc(x,t) (mg/ml) is considered.

bed) (fig. 2). The first layer acts as a drug reser- In the first layer the process is described by the
voir made of a thin substrate (generally a polymer following equations:

or a gel) containing a therapeutic drug to be deliv-

Figure 1: The transdermal patch, a typical vehicle in trans-
dermal drug delivery.

2 FORMULATION OF THE
PROBLEM

ered. Because of the small size of the vehicle, most ~ —~ = —BoCe + 0Co in(—lo,0)

of the mass dynamics occurs along the direction nor- P P

mal to the flat skin surface, we restrict our study to a 6_?[0 = Oa—czo +BoCe—B0Co  In(—lp,0) (1)
X

simplified one-dimensional model. In particular, we
consider as x-axis the normal to the skin surface andwhereDy (cn?/s) is the diffusion coefficient of the

pointing outwards.

Without loss of generality, lekko = O be the
vehicle-skin interface anlg andl; the thicknesses of
the layers, respectively (fig. 2). Either the vehicle and

the skin are treated as macroscopically as two homo-

geneous porous media.
In the vehicle, at initial time, the drug is encapsu-
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unbounded solutddg > 0 anddy > 0 are the unbind-
ing and binding rate constants in the vehicle, respec-
tively (s 1).

Similarly, in the second layer, the drug dynamics
is governed by a similar reaction-diffusion equation:
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< ized to get easily computable dimensionless quanti-
ties as follows:
free drug diffusion
unbinding (s,) binding (@, _ X — D1 _ G
Ce=binding @ <0 G =inbinding @y 0 =1 (A TG
vehicle skin =2 o= Pl K - Kel1
D1 D1 D1
_ 2 _ 2

Figure 3: A diagram showing the schematic mechanism of B= Blly) o= o(l1)
percutaneous drug absorption in the vehicle-skin system. A D1 D:

unbinding (resp. binding) reaction occurs in the vehicle

(resp. in the skin). Reverse reactions are possible in both By omitting the bar for simplicity, the mass transfer

layers. Diffusion occurs only in the free phasgsandcy. problem (1)-(2) in the two-layered system can be now
written in dimensionless form as:
dcy . 0201 . 0Ce .
5 —D1W—3101+510b in (0,11) Fi = —BoCe+ 80Co in(—lo,0)
dcy : 0 02 .
5t = P01~ 516 in(0,l1) (2 a_CtO :yoa—;zo+BOCe—5oCo in(—lp,0)
601 6201 .
where Dy is the effective diffusivity of unbounded ot e T Bic1+ &1Cp in (0,1)
drug,B1 > 0 andd; > 0 are the binding and unbinding ac,
rate constants in the skin, respectively. o Bic1 —d10 in(0,1) (3)

To close the previous bi-layered mass transfer sys-
tem of eqns. (1)-(2), flux and flux continuity condi-

tions have to be assigned at the vehicle-skin interface: @"d the followinginterface and B.C.’s:

d¢co
dco . 0Cy — =0 atx=—lg
Do X Ds X a)c(?co s
ac >, _
—Dla—xlzp(Co—Cl) atx=0 Yo X =V X atx=0
ac
. . . . —yla—lch(co—cl) atx=0
with P the skin permeability coefficientfn/s). No X
mass_flux passes between the vehiclt_a_and the sur- K01+V1% -0 atx=1 (4)
rounding and we impose a no-flux condition: 0X
DO%_CO =0 atx = —lg supplemented with the initial condition:
X
Ce(%,0) = 1 Go(x,0) =0
Finally, a boundary condition has to be imposed at the c1(x,0)=0 Cp(x,0) =0 (5)

skin-receptor (capillary bed) boundary. At this point
the elimination of drug by capillary system follows
first-order kinetics:

3 METHOD OF SOLUTION
KC|01—|—D16—(§(l =0 atx=11

0 Preliminarily, we note that the solution of the linear

non-homogeneous ODE (3.1) is:
whereK is the skin-capillary clearance per unit area

(cm/s). The initial conditions are:
6a(x.0) = Co co(x,0) =0 Ce(X,t) = exp(t—Bot)
c1(x,0)=0 Co(X,0) =0 + exp(—PBot) /exp(Bor)Goco(x,r)dr

2.1 Dimensionless Equations °

By considering the correspondent homogeneous
All the variables and the parameters are now normal- problem, it turns out that. can be expressed as a
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function of cg. Similarly, from eqgn. (3.4)¢, can be
expressed as a function of

t
Go(x,t) = exp(—it) / exp(517)Brcy (X, T)dt
0
Let us find a solution focy andc; by separation
of variables
Co(X,t) =Xo(¥)Go(t)  ca(xt) =X (X)Ga(t)

As a consequence of the previous remark, the homo-
geneous part af, andc, can be also separated by the
same eigenvector set as:

Ce(X, ) = Xo(X)Ge(t) Co(X,1) = X1(X)Gp(t)

If Xo # 0, X1 # 0, the previous problem becomes:
d
d—C:e = —BoGe + 30Go
1 [dGy X o
—— | — — (BoGe — &Gp) | = — = —A
YoGo { dt (B~ 0)] Xo 2
(6)
dG
d—tb =—-01Gp+B1G1
1 [dG X
m [W - (616b— BlGl)} = x_l = —)\1
)

whereAp andA; have to be computed. We have a
solution forX; in the form (Pontrelli and de Monte,
2010):

Xo(X) = apcos(Apx) + bpsin(AoX)
X1(X) = a1 cos(A1x) + b sin(A1X)

By enforcing the boundary-interface conditions (4):
apsin(Aolg) +bocogAolp) =0
YoAobo —y1A1b1 = 0
@@ —a1) +yihib1 =0

[KcogA1) —yiAisin(Ag)]as
+[Ksin(A1) +yiAi1cogA1)]b1 =0

A non trivial solution exist only if the determinant of
the coefficient matrix is zero, i.e.:

yl)\l (yl)\l sin()\l) —K COS()\l))
X [Yohosin(Aolo) — @cogAolo)]

— Yo@AoSin(Aolg) (K'sin(A1) +Yyi1A1CogA1)) = %8)
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The four time dependent functio®, G1, Ge, Gp
have to be determined from

: ( 0 ) ( BO v ) ( 0 )
dt Go [30 —60 — YO)\% Go

(9)
: ( ; ) ( . [31 ) ( ; )
dt \ G1 & —PBi-— Vl?\f Gy

(10)
Denoting byp. (resp.v.) the eigenvalues of the
matrices in eqns. (9) and (10). The general solution
of the previous system is:

do
Ge(t) =c ex t)+c ex t
o(t) = Crg— XL t) + Cop—2 - expll )
Go(t) = crexp(pit) + coexp(p-t)
Gi(t) = czexp(v+t) + caexp(v_t)
_ B B1
Gp(t) =c3 YN expivit) + C461 RV expv_t)
with:
~(Bo-+30+Y0A3) £/ (Bo -+ 30 -+ YoAZ)? — 4yoBoA3
Wt =
2
—(B1+01+V1AZ) £ \/(Bl +81 +V1A3)2 — 4y 51\
V4 =
2

(11

It is easily seen thai. andv. are real and nega-
tive. A necessary condition to guarantee continuity of
fluxes atx= 0 is thatpyy =v.

4 A SPECIAL CASE

We develop here the solution for a particular combina-
tion of parameters, being the general case addressed
in a forthcoming paper. Under the assumption that

&1 =Po %0 =1

and
YorA§ = yaAd (12)

we have, from eqn. (11):

Pt =V
The nonlinear eqn. (8) is solved together with (12) to
getA§ and\k, k=1,2, ..... Correspondingly, we have
a countable set of eigenfunctiod$, Xk k = 1,2,... .

Finally, the solution of the our problem is given by the
linear superposition of the fundamental solution:
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eXIO(L1+ ) g S

)= 30 (A

+ Bk

exp(ukw)

14

%
Bo+ 1<
= X ) (Acexplist) + Beexp(ik )

-
T

le (Akexp(p+ + Brexp(¢ t))

st (ot
Bk By - exp(ukt)) (13) o
&1 +HE oL
The constantg\,, B, are found by applying the ini- o 2 s 5 tir%qe T
tial condition. First of all, from egn (13.2) and (13.3)
it follows that By = —Ay. Let us impose the initial , M,
condition on the (13.1) and (13.4), i.e: ‘ ‘ ‘ ‘
60 60 181 .
AXEX) ( S ) =1 B, =10
Z Bo+ lili Bo+ K< u || B,=10"
B1 > o
=0 14 12f B, =10
ZA‘( <61+u+ &1+ W 4 l

By truncating the series td terms, by collocating in

M points, we solve the system (14) is solved to get the °

constant®\,k=1,....M. 06
The analytical form of the solution given by eqns. .

(13) allows an easy computation of the drug mass (per

unit of area) as integral of the concentration over the °

correspondent layer: o

M(t) = /c(x,t)dx

time

Figure 4: Time histories of the drug mdels andMg in the
vehicle for three values g (s™1).

5 NUMERICAL SIMULATIONS Do=10"%cnf/s Dy =10 ‘cnt/s
AND RESULTS P =10 ®cmys K = 10%cny/s

The thickness of the vehicle is set dg= 40um
A common difficulty in modelling physiological pro-  whereas the limit of the skin layel ] is estimated by
cesses is the identification of reliable estimates of the following considerations. Strictly speaking, in a
the model parameters. Experiments of TDD are pro- diffusion-reaction problem the concentration vanishes
hibitively expensive or impossible in vivo and the asymptotically at infinite distance. However, for com-
only available source are data from literature. The putational purposes, the concentration is damped out
physical problem depends on a large number of pa- (within a given tolerance) over a finite distance at a
rameters, each of them may vary in a finite range, given time. Such a distance (“penetration lengthy

with a variety of combinations and limiting cases. critically depends on the diffusive properties of the
The model constants cannot be chosen independentiytwo-layered medium, and in particular, is related to

from each other and there is a compatibility range of
them. For simplicity, the following physical param- 1
eters are kept fixed for simulations in TDD (Simon imposed erroneously before it should be. Any trunca-
and Loney, 2005; Kubota et al., 2002; Anissimov and tion of the domain beford* is arbitrary and does not
Roberts, 2009): ensure a conservative model. On the other hand, tak-

the ratio%. By takingli < d* the condition (4.4) is
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ing I1 > d* the condition (4.4) is verified, but leads 4). The relative size ofip = &1 andp;1 = &g affects

to an overdetermined system. The precise conceptthe transfer binding/unbinding processes, thus influ-
and the estimation of the penetration distance in two encing the mechanism of the whole dynamics. The
and multiple layer systems is given in (Pontrelli and occurrence and the magnitude of the drug peak de-
de Monte, 2010). All series appearing in the eqn. pends on the combination and the relative extent of
(13) and following have been truncated at a number the diffusive and reaction parameters. The outcomes
of termsM = 50. of the simulation provides valuable indicators to as-

The concentration is decreasing inside each layer, sess whether drug reaches target tissue, and to opti-
being possibly discontinuous at the interface, and van- mize the dose capacity in the vehicle. For example,
ishes at a distance that is within the stratum corneum, fig. 5 shows that a lower value of the unbinding pa-
at all times. Due to the relatively large value 0§ rameteifp guarantees a more prolonged and uniform
and to the smallp, the concentration profiles are al- release. On the other way around, a large value of
most flat in the vehicle, with levels reduced in time, o is responsible for a localized peaked distribution
and have a decreasing behavior in the skin layer. followed by a faster decay.

The effect of local mass non-equilibrium is stud- The present TDD model constitutes a simple tool
ied by varying the values of the on-off reaction rates that can help in designing and in manufacturing new
Bo andB;. The masdVe is exponentially decreasing vehicle platforms that guarantee the optimal release
in the vehicle, andW it is first increasing up to some  for an extended period of time.
upper bound and then decaying asymptotically (fig.

M

L - S 6 CONCLUSIONS

In the last decades, transdermal delivery has emerged
as an attractive alternative and an efficient route for
drug administration. A mathematical model of drug
delivery by percutaneous permeation is presented in
this paper. To account the various aspects of drug dy-
namics from the vehicle across the skin, a multiphase
two-layered model is developed and a semi-analytic
solution for drug concentration is proposed.
o1r 7 The model incorporates the binding reversible
process and can be employed to study the effects of
oo \ the various parameters that control the vehicle-skin
delivery system. This can be of interest in the design
’ : : : : : : J of smarter devices in order to get the optimal thera-
time peutic effect by releasing the correct dose in the re-
M, quired time.

Although limited to a simple one-dimensional
case, the results of the numerical simulations can of-
fer a useful tool to estimate the performance of the
delivery devices.

0.2 —

0.15- —

—163 _ 14
= 10 B, =10
- S By = 2mo*  p,=10"

— 5 — 104
ol BO—BEU.O [31—10
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