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Abstract: The Chemical Master Equation (CME) provides a fruitful approach for the stochastic description of complex
biochemical processes, because it is able to cope with random fluctuations of the chemical agents and to fit
the experimental behavior in a more accurate way than deterministic concentration equations. In this work,
our attention is focused on modeling and simulation of multisite phosphorylation/dephosphorylation cycles,
by using the quasi-steady state approximation of enzymatic kinetics. The CME dynamics is written from the
coefficients of the deterministic reaction-rate equations and the stationary distribution is computed explicitly,
according to a recently developed realization scheme. Simulations are included to provide a comparison with
Monte Carlo methods in terms of computational complexity.

1 INTRODUCTION role of fluctuations whenever a low number of
molecules is involved, (Mettetal and van Oudenaar-
Understanding complex cellular processes is a majorden, 2007). Indeed, in a single cell environment, the
challenge facing present-day biology. Systems Bi- concentration of molecules can be low, so molecular
ology is an approach that tackles the study of such species can be found with a number of copies ranging
complex systems and is characterized by the fact thatfrom hundreds to thousands. The small number of
molecular analysis - often at the genomic scale - is in- molecules involved and the inherent stochasticity
tegrated with modeling, parameter identification, sim- of biochemical processes justify the necessity of
ulation analysis and control theory. Within this ap- the stochastic approach to cope with intracellular
proach, biological processes are taken to be the re-processes, (Van Kampen, 2007).
sults of complex, coordinated, dynamic, nonlinearin- ~ The biochemical complex machinery is largely
teractions of a large number of components, which based on enzymatic reactions. Among the covalent
are affected by time and space constraints. The de-enzymatic-catalyzed modifications of substrates,
velopment of efforts in the Systems Biology research phosphorylation and dephosphorylation reactions
field will allow to elucidate relevant central features catalyzed by kinases and phosphatases, respectively,
of the more basic complex cellular functions (such provide a reversible post-translational substrate
as cycle, growth, and so on) as well as to identify modification that is central to cellular signalling
their system-level properties, ultimately contributing and regulation. In (Qu et al., 2003) it has been
to shed more light on diseases arising as the impair-proposed that multisite phosphorylation of tar-
ment metabolic functions such as cancer, diabetes,get proteins by cyclin-dependent kinase proteins
etc. To this aim, a successful analysis of the com- is the likely source of nonlinear kinetic effects
plex mechanisms arising in System Biology requires in cell cycle control mechanisms. In particular,
the application of more and more efficient methods dual phosphorylation/dephosphorylation cycles are
for modeling such complex cellular systems. widely diffused within cellular systems and are
As far as the networks of biochemical reactions, crucial for the control of complex responses such as
there is an increasing interest in the development andlearning, memory, and cellular fate determination.

analysis of stochastic models, due to the preminent The majority of studies on biophysical analysis of
phosphorylation/dephosphorylation cycle have been
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based on the Michaelis-Menten approach (Michaelis the possibility for the molecule distribution shape to
and Menten, 1913). As stated above about genericbe controlled (in particular changed from a unimodal
molecules, indeed in a single cell the substrate distribution to a bimodal distribution) by chemical
and enzyme concentration can be low, being thus fluxes occurring in the biochemical system under
necessary to study these cases within a stochastidnvestigation. This phenomenon corresponds to the
framework. Examples of biochemical reactions with typical mechanism that is adopted by such system
low number of substrates and involved enzymes to obtain a plastic behavior, for example when any
present at low concentrations are the phosphoryla-kind of exogenous chemical messenger is present, by
tion/dephosphorylation cycle of AMPA-Receptors changing the properties of the biochemical reaction
(AMPARS) in a single synaptic spine and have been occurring inside the cell.
treated in (Castellani et al., 2001; Whitlock et al., The paper is organized as follows: in Section 2 we
2006). In (Castellani et al., 2001) it has been pro- review some structural properties of the Master Equa-
posed a synaptic receptors model (AMPAR model) tion and address the efficient computation of its equi-
which, at a molecular-microscopic level, is a candi- librium solution. In Section 3, we illustrate the case
date for memory storage and switching behavior, and study of multiple phosphorylation for an arbitrary
a kinetic scheme of the enzymatic reactions describ- number of sites. In Section 4 we propose some sim-
ing the AMPAR double phosphorylation channel has ulation results concerning the case of a triple phos-
been given. It has been stressed that the AMPAR phorylation framework. Section 5 offers concluding
modification, a 2-step phospho/dephosphorylation remarks.
cycle, guaranties the synaptic plasticity and exhibits
bistability for a wide range of parameters, consistent
with values derived from biological literature.

In" this paper we investigate the Chemical 2. THE CHEMICAL MASTER
Master Equation (CME) approach applied to EQUATION
model in a stochastic framework the phosphoryla-
tion/dephosphorylation cycle. Indeed, the CMES ConsideM (bio)chemical specie¥, ..., Yy involved
provides an appropriate description of complex cellu- in g chemical reactions (Ullah and Wolkenhauer,
lar processes, (Van Kampen, 2007; Gillespie, 1977). 2011) described by thetoichiometric coefficienfj,
It is a powerful method even with significant sim- for any species = 1,...,M and for any reaction=
plifications, such as spatial homogeneity of volumes 1 ... q. The Chemical Master Equation (CME) de-
where the chemical reactions under investigation are scribes the time evolution of the probability of being
taking place. The CME is a promising approach for in one of theN < -+ possible configurations (states)
Systems Biology modelling for a variety of reasons, at any time (Van Kampen, 2007). More generally, the
such as its capability of coping with fluctuations and CME is the dynamic equation of a continuous-time
chemical fluxes and of well fitting experimental data discrete-state stochastic Markov processN Iis fi-
in the today widespread single cell experiments, and nite, the equations for the joint probabilities can be
its capability to capture and explain the deviation collected in the form of an autonomous positive lin-
from Gaussianity observed in various gene expressionear system (Farina and Rinaldi, 2000):
experiments (such as stress or metabolic response, i
growth of the nuclear protein amount observed in P =GP, P RN, 1)
senescent cells, and so on). It results more infor-
mative of the real behavior of the system than the
deterministic approach, since the results obtained in
a deterministic framework cannot describe diffusion
effects due to fluctuations and chemical currents : , )
capable to drive switching from one equilibrium to de€noting the number of copies of speciesat time
the other. Such mechanism has a relevant role also", Thue generic elemertsij of G is the propensity
in neuronal plasticity phenomena, (Castellani et al., i Of reaching the statg = (N +az,...,nu +
2009). In (Bazzani et al., 2012) the stationary dis- om) from the state; = (ng,....nu).
tribution provided by the two-dimensional chemical Depending on whether or not the system of re-
master equa‘[ion for a well-known model of a two actions isclosed (the total mass is ConserVEd) and
step phosphory|ation/dephosphory|ati0n Cyc]e has according to the number of distinetementsform-
been studied, by using the quasi-steady state approxing theM species, the values of some components of

imation of enzymatic kinetics. Authors pointed out the vector state(t) can be inferred from the others,
which makes the state representation redundant. We

where G is called infinitesimal generatorof the
Markov process.

We define asi(t) = (ny(t),...,nu(t)) the state of
the system at timg, with i-th component;(t) € Ng
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will henceforth assume that thé species arénde-
pendenti.e. the state representation is minimal (non-

redundant). The interested reader is referred to (Borri
et al., 2013) for a deeper discussion on these and on

the following concepts.

Note that different ways of aggregation of the
probabilities in the vecto? may produce different
properties of the linear system in (1). In particular,
one can consider the following recursive partitioning:

with 0 < nj < N;, with Nj being the maximum number
of allowed copies of specie$, and pn,n,....ny D€ING
the joint probability of havingy copies of specie¥,
foralli =1,...,M. Then, the following vectors of
probabilities can be recursively defined

Tnl ..... n; 0
B
) 15000, 1 A
Py, = e R(N+THDx X(NM+1)7
Tnl-,----,ni-,NHl

®)

for1<i <M —2. This leads to the definition of vector
P, entailing all the joint probabilities involved by the
CME:

Po
P
P || e RN (D), (4)
Py
The way of collecting the probabilities 1 as in
(2)—(4) induces a recursive block partitioning on ma-
trix G, according to (1). In case the stoichiometric
coefficients satisfy thanitary stepproperty:

Bij € {-1,0,1},ie{1,....0},j€{1,...,M}, (5)

an interesting recursive structure of the CME dynamic
equations can be pointed out:

Proposition 1. Consider a continuous-time Markov
process describing a set of q chemical reactions in-

G= (DNl ({Gﬁl}v {Ggl}’ {Gall}; nl)

e G o - 0
Gy G Gt 0 0
0 .
0 )
E Gl » G%rl Ggll
L 0 0 Glel GNl_

(6)
where thed) entries are zero matrices of proper dimen-
sions. Furthermore, all the non-zero blocks of G are
block-tridiagonal with the same structure of G.

The operatomby ({A },{Bi},{Ci};i) used in (6) is
calledblock-tridiagonal matrix buildeand is defined
as follows

Bp C& 0 0

Ao Bi & 0 0
() 0 |,
: A2 By1 G

0 0 A1 By

(7)
where {Ai}, {Bi}, {Ci} are sequences of suitably
dimensioned square matrices, and thentries are
zero matrices of proper dimensions. A network of
chemical reactions satisfying (5) allows simultane-
ous changes of unitary amount in the state variables
and is later referred ageneralizedone-step process
or unitary process. It is possible to show that (5) is
the mildest condition preserving the recursive block-
tridiagonal structure of.

The main consequence of Proposition 1 is that
sparse, which reveals to be useful to carry out classi-
cal tasks as the computation of the stationary solution
of the CME, satisfying

G? =0. (8)
The following result, based on an interpretation of
the biochemical network in terms éigebraic Graph

Theory (Bullo et al., 2009), characterizes the prop-
erty ofuniquenessf the CME stationary distribution,

volving M independent (bio)chemical species and de- Which makes the study of the equilibrium problem (8)

scribed by a set of stoichiometric coefficiedf}; }
satisfying (5). Then the infinitesimal generator G
has the following block-tridiagonal structure (see e.g.
(Carravetta, 2011)):

independent of the initial state.

Proposition 2. The stationary distributiorss of a
continuous-time Markov process is unique if and only
if the digraph associated with the Markov process has
a globally reachable vertex. Under this assumption,
is a simple eigenvalue of G with right eigenvectgr u

and the stationary distribution is given s = ﬁ-‘g—o
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As an alternative approach to the computation of withi=1,...,M, while theeven-indexedeactions
Pssin terms of the right eigenvectag of G, Propo- are activated by the phosphat&se

sitions 1 and 2 allow an efficient computation of the <@,

solution of (8) by means of Gaussian elimination: [A( )] 1B =2 [A(i)Ez] Vai, [A(ifl)] +[E] (10)
Proposition 3. The algorithm of Gaussian elimi- Kc2>'FF

nation to solve the stationary equationG= 0 in With i — 1. ..M. for a total number of reactions
unitary-step processes is performed in ti@éN?), equal tog = 2i\/ll..7 '

where N is the number of rows of G. The left-handM pairs of reactions in (9)—(10) are

Note that the complexity of the Gaussian Elimina- considered at the equilibriungasi-steady-state hy-
tion for dense matrices i9(N?). pothesi$, thus the correspondingM2 deterministic
Michaelis-Menten (MM) equations rewrite:

) . . . .
3 MULTI-SITE g =KW AT VB —KEep AT VE] =0
PHOSPHORYLATION () o
A [AthZ] = K8\ [AV][Eo] K3k e [AVE] =0

This section is devoted to formalizing, in the CME
mathematical setting, the multi-site phosphorylation
reaction framework.

fori=1,..,M. Hence, by setting theissociation

coefﬁmentsk KOFF/KON, j =1,..,2M, one gets
the equilibrium conditions:

3.1 Writing the Reaction-rate AC-DEoq = [A(: J[E4]
Equations - ) 11Es
q ADE s =& k]z I[Ez]
Consider the case of on = 2 phosphorylationsites for i = 1,...,M. We now focus on the right-hand

(see e.g. (Bazzani et al., 2012)), depicted in Fig. 1, reactions in (9)-(10), where we replace the terms
involvingM +1 = 3 species and 2 enzymes (kingse  [Al Ek] with their equilibrium value$Al Eyeq, for j =

and phosphatag®). Such a framework is formalized 1 ... 2M andk = 1,2. One gets:

by the following set ofy = 2M = 4 reactions:

AT-DIEL] vy .
A s A e IRT CIRNcEY
9 i—
AL v aAQ ;
) A(') E. i .
AD . A0 [ kH Z]Vi>[A("l)]+[E2]. (12)
AD AW, 2

Note that the generic specia¥), fori = 1,....M, ap-
where the speciesA©, AL, A@ are the pears in 4 distinct reactions:
non-phosphorylated, phosphorylated and double-

phosphorylated substrate, respectively. If one con- % Va1, [A(i)] +[E4],
siders the double-site phosphorylation as a closed Kai—1

system (the total substrate concentration is constant [A<i)][E2] Va, a(i-1)

[AQ] 4 [AW] 4 [AP)] = Aiet), the number of indepen- Tk (AT Y]+ [Ed,

dent species iM = 2.

(i) , .
We now address the geneidtsite phosphoryla- ATTE va, [AU+D] 4 [E],
tion case, illustrated in Fig. 2. We can consider the _ kai 1
case of closed system, so that the spe&i8smay be [ATD][Ey] vairy) A0+ B
2|5

intended to be thétimes phosphorylated substrate,

fori =0,. M and the total substrate concentration
is constantz [ ] Awot. Theodd-indexedeac- which lead to the following MM equation, for any
tions are catalyzed by the kinakg:

ka(it1)

Ka-1 d['g:)] = Kjil[El][A(iil)] - \IZ_EI[EZ]['A< )]
AG-D] L [E,] 22 1aG-DE, Y22 A0 4 E ' '
[ ]+ [Eq] —,KéiEpl [ 1] [AY]+ [Ed] \|22|+1 [Eq)[AD] + \If(-H) E][A1D). (13)
(9) 2i+1 2(i+1)
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E1 El
D N @
A(O) A(l) A(2)
~ o 1 =0 -

Es

E, E, Fy £ Ey Ey
TR DS DS
A A e A(Z) A( -1 A( )
@ @ v @)
EQ Ez E2 EQ E2 E2
Figure 2: Multi-site Phosphorylation.
Note that = 0,i = M are special cases because some M
terms are neglected: Xo=1- Zixi,
i=
d [A(O) ] Vi V2 o El,tot
— - 2 EAQ]+ 2By AV 14 Ea(X) = ——i = 18
d[A(M)] VoM —1 (M—1) Vom (M) Ez(X) = _ =2ttt
H g T EA S P e e A, R
(15)

The following mass-balance constraints on the total
substrate concentration and on the enzymes:

M

%[ A = A,
*Z

Al ]
)] + [E2] = Ezor,
E = [Eo] = Eatot

(16)

= Extot
k2| oty

3.2 From the Reaction-rate Equations
to the Master Equation

In (17)—(18), we built a minimal deterministic repre-
sentation of theM-site phosphorylation by means of

a system oM ordinary differential equations (ODES)
with respect to thevl variablesxy, ..., xy, wherex;
represents the normalized concentration of species
Yi, i.e. of thei-times phosphorylated substrate. It
is deeply discussed in the related literature how the
reaction-rate approach fails to capture the inherent

lead to the a minimal representation of the process by randomness of biochemical phenomena, especially in

means ofM independent species. For instance, we
choosex, = [AV)] fori = 1,...,M and, from (13), we
are able to describe the system in term$ofoupled
differential equations, calle@action-rate equations

¥ = E1(X)Xo (x—;Ez(X) + ‘é—gEl(x)) X1
k4E2(X)
_ Vai-1 1E _ QE V2|+1E .
Xi Kaig 100% - ki Z(X)+k2l+1 1(x) ) %
+k2<:i) Ex(x )X|+1
= s E1 (X)X —1— 124 E2(X)Xu

(17)

wherexo := [A9] andE; (x), Eo(x) are given by:

the presence of a low number of molecules (Van Kam-
pen, 2007). In the following, we build a stochas-
tic representation of the chemical process in terms of
Master Equations.

A common approach to infer the CMEs from the
ODEs consists in turning theeal-valuedconcentra-
tion variablesy into the integer values;, represent-
ing the copiesof speciesy;, according to the mass-
balance constraint:

M
No = NtoT — Zni-
i=

As a first step, we need to write the stoichiometric
coefficients for each reaction.

Odd-indexed Reactions. The generic reaction
2i—1, fori=1,...M, “generates” a molecule of
speciesY; and “annihilates” a molecule of species
Yi_1, from (11). Hence the vector of stoichiometric
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ggteigflrfsle,;rswtgfvzgnlg“(ﬁz,l,l, ...,Bai—1m) for these re- Gﬁll .......... G—ay,, ({G‘n‘f .......... g .nl|+1
L i {GRf F G St hiniea )
Ba—1j=4 -1 j=i—-1, (19) (24)
0  otherwise. for1<i<M-—1,0<n <Nyor, 0<]ai| < Nror.

) ) ) o It can be shown (see e.g. (Van Kampen, 2007))
Even-indexed Reactions.  The generic reactioni2  that the deterministic reaction-rate approach is a first-

fori=1,..,M, reverses the reactiom2 1, namely it  order approximation of the dynamics of the mean
generates a molecule of spec¥s; and annihilates  y3|ye of the CME.

one of specie¥;, from (12). Hence the vector of stoi-
chiometric coefficientBz = (B2i 1, ..., B2i,m) for these

reactions s given by: 4 SIMULATION RESULTS
Baj=4{1 j=i-1 (20) In the following, we restrict our attention to the case
. ’ M = 3 (triple phosphorylation) and we compare the
performance between computing the stationary distri-
Writing the Matrix G. ~ We are now ready to bution explicitly, based on the results in Section 2, and

write the CME by computing the generic elemefit obtaining it by means of statistical methods, in par-
(propensity), with the shortcuts= (ny,...,ny) and ticular the Gillespie Stochastic Simulation Algorithm

o = (04,...,ay ). By comparison with the equationof  (SSA) (Gillespie, 1977).

0 otherwise.

species in (17): ForM =3, we haveg = 6 reactions. We assume
NTtoT = 40 and ELTOT = E2,TOT = 1. The dimen-
V2i V2it1 sion of G is N = 413 > 64,000, but an inspection
=21 _1— E E1(X) | Xi ) '
Koi—1 1()%-1 (k 2i 209+ koii1 il )>X' of the associated states reveals that a large subset of
V2(i+1) E _ 21 those are not reachable (in the sense of Munsky et al.
+k2(i+1) 2% +1 (21) (Munsky and Khammash, 2008)) because they vio-

o o late the mass-balance constraints, hence they have a
and taklng into account the definition of the vectors of zZero Steady-state probab|||ty If one erasepriori

stoichiometric coefficients in (19)—(20), one can de- the components referred to those states from the mas-
fine: ter equation, a reduced matr& is obtained, whose

V2'—E1( N1 o— I§2' LieLM kernel is 1-dimensional. This ensures the uniqueness
\/2' - = E of the stationary distributiofss, defined over the set
2(i+1) Ez( M1 o=p, i =1,...,M of reachable states of the Markov Process. In this par-
a. kai +1) ’ ticular case, jusN = 12 341 configurations are ad-

Vo \/2i 41 missible states.
Zl(ka k2i+1E1(n)) na=0o, The values of the chosen parameters dke:=
ke=1, ky=k3=18ks=ks =22, vi =vp =1,
(22) vz =Vvs=11,v5 =V = 1.2. We apply the formaliza-
tion in Section 3 and perform numerical simulations

where0 = (0, ...,0). Intuitively, the definition in (22) in the Matlab suite on an A
. . 1 . . pple MacBook Pro laptop
is obtained from (21) by regarding the positive ad- with 2.5 GHz Intel Core i5 CPU and 16 GB RAM.

dends ageneration termg.e. creating a molecule) We started with the stochastic simulation. We

a_r;f'lt*:.e negatlvle onles m?:tcr)wmblnatm_n:eénlgg.e.han-_ | considered as initial state(0) = (0,0,0), meaning
nihilating a molecule) of the associated biochemical . No = nror, Le. all the molecules are non-

reactions. The dynamic matr@ of the CME can be P
; . ) phoshorylated at the beginning. We performed 10
written as in (6), where the scalar blocks are defined Monte Carlo runs of SSA, with a time horizon of

from the propensities as: 500 seconds. The average number of reactions for

otherwise,

ggll ,,,,,,,,,, am if (a,...,0m) £ 0, each SSA run was 9925. The whole computation took
Gl-am— ) ay, otherwise more than 12 hours.
b 5, Zagnl,---,nm : We then compared 3 methods of computing the

(23) theoretical stationary distribution:

and the general blocks are recursively defined in (1) We computed the eigenvalues and eigenvectors of
terms of the matrix builder in (7) as: matrix G by means of Matlab’gig routine. Ac-
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Figure 3: Steady-state marginal distributions. The satid Is the theoretical distribution computed explicithcarding to
the methods illustrated in the paper. The dashed line ist#tistical distribution provided by 5,000 Monte Carlo rwighe

Gillespie Algorithm.

cording to Proposition 2, the stationary distribu-
tion is the right eigenvector corresponding to the
zero eigenvalue os. The procedure took 2785
seconds.

(2) According to Proposition 3, we computé@5 by
means of arad hocimplementation of the Gaus-
sian Elimination method to compute the solution
of GP = 0. Although it is very accurate, this
method was outperformed (in terms of time com-
plexity) by method (1) and the elapsed time is

comparable to the Gillespie method.

We computed the matrix exponentiaP, by
means of the Matlab routinexpm and we con-
sidered as initial conditiorP(0) the probability
vector with value equal to 1 for the componentre-
ferred to the stata(0) and O elsewhere. We then

(3)

computed the steady-state distribution by means

of a fixed-point iteration for the recursigu, 1 =
€Sy, initialized with pg = ?(0), which is the ex-
act discretization of the CME with unitary sam-
pling time, and where we used the stopping con-
dition || pks1 — pk|| < 1076, Most of the time in
this case is spent in computing the matrix expo-
nential, computed in 357 seconds. The fixed point

iteration took 88 seconds to reach the steady state.
The methods above return the same distribution,

with a relative difference lower than 18 (in norm).

The plots in Fig. 3 show the agreement between the
statistical estimation of the steady-state solution and
the theoretical stationary distribution. Due to the sav-
ing in terms of computational resources, the explicit
computation is preferable.

5 CONCLUSIONS

In this work we illustrated the application of some re-
sults about the efficient computation of the stationary
distribution of the Chemical Master Equation in the
biochemical framework of multisite phosphorylation.
Based on a recently developed representation scheme,
it is shown how the proposed approach results to be
accurate and with limited computational burden, es-
pecially with respect to the extensive use of statistical
Monte Carlo methods.
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