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Abstract: This work proposes fifth order Bernstein-Bézier (BB) curve segments to be used in path planning approaches.
The combined path consists of BB spline sections with continuous second derivative in connections which
means that the path curvature is continuous and feasible for wheeled robot to drive on. To further minimize the
travelling time on this path a velocity profile is optimized by considering acceleration and velocity constraints.

1 INTRODUCTION splines as in (Berglund et al., 2011). Several path
smoothing ideas using local nonlinear optimization

Path planning in a known environment with obsta- &nd non-parametric optimization using conjugated-

cles presented by its map is very common task in gradient solution are descr_il_aed in (Dolgov et al.,
mobile robot applications and has been widely stud- 2008).  Often sharp transitions on the path e.g.
ied in (Schwartz and Sharir, 1990), (Latombe, 1991), COrers are smoothed by inserting smooth paramet-
(LaValle, 2006). Environment usually is decomposed /€ curves such as circular arcs (Yang and Wushan,
to cells by some algorithm like regular rectangular 2015): Bezier curves (Choi et al., 2010), clothoids

grid, quad trees, random sampling-based methods®’ higher order polynomials (Brez_ak and Pet_rovié,
and the like (LaValle, 2006), (Choset et al., 2005), 2014_),_ (Sencer et al., 2015) enabling C2 continuous
(Klangar et al., 2017). Among those cells an optimal ransitions.
collision-free path need to be find connecting current ~ Path smoothing is often not integrated in path
robot position and the goal location. The most com- planning but is usually done after the optimal path
monly used is A star algorithm which returns opti- is found. This however requires additional collision
mal sequence of connected straight lines through thechecks and can influence path optimality. Several lo-
cells centers towards the goal location. Such com- cal path planners ware proposed to find smooth path
bined path does not have continuous first and secondsections between initial and target pose in obstacles
derivative (is not C1 and C2 continuous). C1 not con- free space as in (Chen et al., 2014) where four order
tinuous path means that the robot following this path Bézier curves are applied to obtain continuous and
would have step changes of orientation while C2 dis- bounded curvature path. However finding collision
continuous means that the robot angular velocity or safe, smooth and optimal path in complex environ-
also path curvature has step changes. Therefore the ments with obstacles remains a challenging task. To
calculated path need to be smoothed to become feasicope with it a hybrid A star algorithm (Dolgov et al.,
ble for the robot to follow it. The first studies to obtain  2008) was proposed which can find drivable reference
the shortest smooth paths consisting of straight lines path for wheeled robots. The path usually consists of
and circular arc was performed by (Dubins, 1957). curves obtained by setting constant robot commands.
His paths are only C1 continuous as they have dis- This work addresses continuous path planing
continuous curvature. problem where we suggest the path to be composed of
Some possible smoothing approaches are as fol-Bernstein-Bézier curves with continuous velocity and
lows. A funnel algorithm is proposed in (Kallmann, curvature transitions. The obtained path can there-
2005) to further optimize the path inside the corri- fore be directly driven by wheeled mobile robots. To
dor defined by the cells contained on the optimal achieve the shortest travelling time a driving veloc-
path. For path optimization and smoothing inside ity optimization approach is performed by consider-
the corridor a Fast marching method (Sethian, 1999) ing robot capabilities. The main idea is to drive with
can be applied or smooth path generation using B- maximal allowed accelerations and velocity to avoid

254

Klancar, G., Blazi¢, S. and Zdesar, A.

C2-continuous Path Planning by Combining Bernstein-Bézier Curves.

DOI: 10.5220/0006406602540261

In Proceedings of the 14th International Conference on Informatics in Control, Automation and Robotics (ICINCO 2017) - Volume 2, pages 254-261
ISBN: Not Available

Copyright © 2017 by SCITEPRESS — Science and Technology Publications, Lda. All rights reserved



C2-continuous Path Planning by Combining Bernstein-Bézier Curves

wheel slipping. Several path and velocity planing ex-
amples are illustrated.

Main paper contributions are two. The first is the
definition of fifth order Bézier curve sections which
can easily be applied to compose a C2 continuous
path in some path planning applications. The second
contribution is optimal velocity profile calculation ap-
proach for a spline path consisting of more Bézier
curves.

2 PATH COMPOSITION IN
CONTINUOUS PATH PLANING

Resulting path in most path planing approaches is
composed of path sections which are continuously
joined. Usually the search is done in discrete space
by discretization of all possible robot poses (e.g. grid-
based presentation of environment) to a finite set.
Other very often used approach is to discretize input
commands while the pose remains continuously de-
fined as it is usually done in continuous path planing
approaches (e.g. hybrid A star). The former can be
applied to differential drive robot which commands
are linear velocitw(t) and angular velocitg(t). In
each node (robot pose) the path planing algorithm ex-
pands the search in a predefined number of travel-
ling curves obtained by setting some constant trans-
lational velocityv(t) = vconst and angular velocity
w(t) € [omiN,-+,0,+- ,wmax]. The path sections
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Figure 2: Differential drive robot control signal to follow

thick path in Fig. 1.
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To have feasible planed path for the robot a C2

therefore have circular shape and the final robot posecontinuous Bernstein-Bézier (BB) curves are pro-

(X(te), Y(tr), &(tr)) at timetp = ts+ At is obtained
by integration

X(tr) = fig v(t) cog(d(t))dt+ x(ts)
Y(tr) = fig v(t)sin((t))dt+y(ts) 1)
b(tr) = fig w(t)dt+¢(ts)
which exact solution is
X(te) = X(ts) + 53 (Sin(d(ts) +Ad) — sin(¢(ts))
y(tr) = y(ts) — (COS(¢(ts)+A¢)fCOS(¢(ts))
d(tr) = ¢(ts)+A¢ o

wherets is starting timefr is final time, At time
increment for the path sectioAs = VAt is travelled
distance and\¢ = wAt change of robot orientation.

An example of search expansion using circular
paths (e.g. as in hybrid A star) expansion tree
(wherex(0) =y(0) =0, ¢(0) =1/4,v=0.5, we
[-1,-0.5,0,0.5,1] andAt = 1, ) is given in Fig. 1.

To follow the thick path in Fig. 1 robot controls
need to be as shown in Fig. 2 which obviously is not
C2 continuous becaus&(t) is discontinuous.

posed as follows. To achieve C2 continuous path a
proper spline of two connecting BB curves need to be
achieved.

To achieve this at least forth order BB cum@)
need to be selected. Itis defined by five control points
Pi=[x,%i]",i€=0,1,---,4 as follows

r(\) = (1=A)*Po+4A (1-2)3Py

3
+6A2(1—A)?P2+4A3(1—A)P3+A*Py )

whereA is a normalized time (& A < 1). In this
section without loss of generality assume-t. A C2
spline of two BB curves andrj;; is obtained by
setting the following conditions

“m)\alr (A) =limy_orj+1(A)
i) drjia(d)

"mHlddA( )_ limy_o 2 o (4)
’r riva
IIm)\—)l dé)\ _Ilm)\—>0 éZ)\

saying that the end of the curyeand the start of
the curvej + 1 as well as their first and second deriva-
tive need to coincide. From (4) the conditions for se-
lection of thej 4+ 1 BB curve control point®; j 1 re-

255



ICINCO 2017 - 14th International Conference on Informatics in Control, Automation and Robotics

lated to control points of-th curve @;j) selection T ‘ ‘ yE—
reads 4 4
Po,j+1= P4 os -
P1j+1=2P4j—Ps3j (5)

P2j+1=4P4j—4P3j+ Py

To have similar spread of paths sections as in Fig. )
1 the last control poinP4j,1 of BB curves is cal-
culated using final positioRr(tg ), y(tr) calculated by
(2). While final curve orientation is achieved by set-
ting Pz j+1 according to the final orientatiajit)
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1 cosd(tr) + ) } (6) Figure 4. Differential drive robot control signal to follow

P3j+1= P4 V|

R [ sin(¢(te) + 1) thick path in Fig. 3. Angular velocity is continuous while
. . . . translational velocity is similar to that in Fig. 2.

Path expansion during path-planing using BB

curves is shown in Fig. 3. Initial points of the first - N ) _ )
BB curve are and additional conditions besides those in (4) is

defined to obtain zero angular velocity and zero tan-
gential acceleration at the curve end. This is defined

Po j—1 = [x(0),y(0)]" . ddj,1(A) .
P1j—1= Po 1+ 0.25v[cosh(0),sind(0)]T N fOHOWIS i\ - 0 a”g lim\-18¢j+1=0.
P2,j—1=0.5P1j—1+ 0.5P3j—1 e resulting control points reads
while P3j—1 and P4 j—1 are defined considering Po,j11="Psj
next curve segments and relations (5). The obtained P1j+1=2P5j— P4
graph tree of paths has the same spread as in Fig. 1 P2j+1=4Psj—4Psj+Ps3}
but with continuous second derivative as seen in Figs. P3ji1=2F — — (8)
3 and 4. Psji1=F
Psjri=E
where E = [x(t),yt)]", F = E +

0.2v[cogd(t) +T0),sin(¢(t)+m]" and  control
point P3 j,1 satisfies the additional two conditions.
Graph tree of the obtained paths is C2 continuous and
more smooth as seen in Figs. 5 and 6.
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Figure 3: Search expansion using C2 continuous BB paths. E

However having a closer look of Figs. 3 and 4
one can observe some unnecessary winding of the re-

sulting paths. This is easily seen in the second path

section which start and end direction are the same but

the path between the start and end point is not straight Wa e n b T ar e o

as It CO.UId be. To improve this behaviour BB curves Figure 5: Search expansion using C2 continuous BB paths

of the fifth order are used of fifth order.
r(\)= (1= A)°Po+5A(1—A)*Py The obtained combined path is therefore feasi-
+1002(1—A)3Po+10A3(1—))%Ps (7) ble for the robot to follow. It is smooth with con-
+5A4 (1= A) P4+ \5Ps tinuous control velocities, continuous path curvature
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b RN ‘ ‘ T velocitiesv, angular velocityw and curvature are
i | V(t) = /% (U () + Y, (U(0) 20 (1) = Vp (W) (1)
o S, S, ©)
= i “ _ Xp(U(®)Yp (M) ~Yp(ut)Xp(U(t)) - o
s w(t) Xp(U(t))2+yp(u(t))2 u(t) (10)
= = wp(u)u(t
o ~ Xp(U(0)Yp(u(t)) = Yp(u(®)Xp(u(t))
\ - K(t) - ) 23/2 - KD(U)
‘ ‘ ‘ o (Xp(u()? +Yp(u(t))?)
0 0.5 1 )‘1[\5 2 25 3 - - - - (11)
Figure 6: Differential drive robot control signal to follow ~Where primes stand for derivatives with respectifo
thick path in Fig. 5. while dots stand for derivatives with respectto
Main idea is to limit overall acceleration
and therefore is appropriate for optimal path-planing
methods. a=/af+af (12)

which result is robot motion without wheel slip-
ping (Lepeti€ et al., 2003). Where translational ac-
celeration isa; = %’ and radial acceleration & =
vw = V2k. Maximal tangentiabyaxt and radial ac-

3 OPTIMAL PATH AND

OPTIMAL VELOCITY celerationayaxr (can be different) define the overall
PROFILE acceleration to be somewhere on the ellipse
&, & (13)
The problem of finding shortest time optimal path Cr— - -

in the environment with obstacles considering robot for time-optimal planning.

capabilities and obstacles is computationally intense.  popot translational velocity need to be the slow-

Therefore it usually is decoupled to a problem of find- ot in the curve points = urpi (i=1,--- ,Np, Nrp

ing a feasible collision safe path in discrete search g humber of TPs), called turn points (TP) where ab-

space (e.g. A star algorithm) and then followed by gq|,te value of the curvature is locally maximal. For

some additional optimization. all located TPs it holdsa (urpi) = 0 anda,urp; =
Supposing the combined path from BB curves ayax,. Meaning that translational velocity in TP is

given in section 2 is the output of some path find- defined as follows

ing algorithm. The path is collision safe and close

to being spatially optimal (depending on path dis- Vp(Urpi) = _amaxr

cretization, e.g. number of defined successor curve INCirl

segments). It additionally has continuous curvature  and robot therefore need to decelerated before

which allow optimization of its velocity profile to  each TP and accelerate after each TP considering ac-

achieve also shortest travelling time. Optimal velocity celeration constraint (13). For each TP a candidate

(14)

profile can be calculated as follows. maximum velocity profile is computed and the final
The curve is defined spatially by a schedule pa- optimal velocity profile solution is obtained by min-
rameteru asXp(u), yp(u), u € [0,n] wheren is the  imizing all TPs candidate velocity profile. Because

number of BB curves in the spline. The j-th curve V(t) andvp(u) are proportional dependant with time
of the spline is defined by scheduling parameter val- derivative of the schedule(t) one can minimize the
uesu € (j — 1, j] and maps to the j-th BB curve nor- derivative of the schedulg(t) instead which is com-
malized timeAj =u— j+1 (validif j —1<u<j). puted as follows. From acceleration constraint (13)
To optimize the velocity profile of the given path one considering

need to consider robot capabilities such as maximum

velocity and acceleration which provide safe driving ar(t) = V& (U)Kp (u) 0P (t) (15)
without slip of the wheels. To obtain the trajectory and

X(t), y(t) from the spatially given path one need to dvp (U) ., )

define the schedule= u(t). The curve translational a(t) = —5 U O +vp(Wa)  (16)
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follows the optimal schedule differential equation Ugp = Vp‘(’ﬁgp). Optimal solution only exist if these

initial usp Ugp are both larger or equal than the solu-
- . tion for u obtained from TPs.
U=zavaxi\| 3 —— — — 5. zU 17 o : :

Vo ayax, duvp a7 Additionally constraint on the maximum allow-
able velocityvmax (V(t) <= vmax) of the system
should also be imposed. Whenever (during integrat-

back_ward and forward in Fime_ from the TPs. Minug ing (17)) the velocity constraint is violated the system
applies when deaccelerating (integrating backward in a4 14" stop accelerating and continue with velocity

time) and positive sign when accelerating (integrating V() = Viuax, meaning that schedule derivatives need
forward in time). Initial conditionsi(t) andu are de- ' N SRRY
) ®) to be set as follows = 0 andu = 2.

fined by known position of TPsrp; and from p(U)

which solution is found numerically by integrating

o avAXT 18 3.1 Examples of Optimal Velocity
U|TP'_\/V%(qui)Kp(qui) (18) Profile Calculation

knowing that radial acceleration in TP’s is maxi-
mal allowable (only positive solution of (15) is used Taking path example from Fig. 5 where its velocity
becausei(t) is strictly increasing function). The dif- ~ profile need to be optimized. Control points of the
ferential equations (17) are solved for each TP until three BB curves are given as follows. The first curve
the acceleration constrained is valid. The solution of is defined by
the differential equation (17) therefore consists of the Po1—[0,0]7 P.1 — [0.0707,0.0707"

; h ) ,
segments ofi around each turning point Py1— (01414014147 Pgq— [0.17760.26467

P41 = [0.15630.36237 Ps; = [0.13500.4600",
L.'ll = U|(U) , ue [QI7U|] ’ I = 17 ,NTP (19) “) [ 3 a >t [ Q q

the second curve is defined by

whereu; = Uy (u(t)) is the derivative of the sched- y T
ule depending oo andy,, T are thd-th segmentbor- ~ Po2=1[0.13500.4600 Py = [0.1137,0.5577
ders. Here the segments in (19) are given as a function P22 =[0.09240.6554" P3, =[0.07110.7532"
of u although the simulation of (17) is done with re- P2 =[0.04980.8509" Ps, = [0.02850.9486"
specttotime. This is because time offset (time needed
to arrive in TP) is not jet known, what is known at this
point is relative time interval corresponding to each  p,, = [0.02850.948G " P13 =[0.00721.04637
segment solution;. Solution is possible if the union p2;3 —=[-0.01411.1440" P3;3 =[0.0221,1.26727
of all TP’s solution intervals covers the whole inter- P, 3 =[0.09281.3379" Ps3 =[0.16351.408G"
val of interesfusp, ugp] C UEEM ,0,] where start and _ N
end point are defined b}SP: 0 andugp =n, respec- (a” numbers are in meterS). Add|t|0na”y start and
tively. end velocity requirements for the combined path are

Final solution foruminimizes all partial solutions ~ Vsp=0.2m/s, vep = 0.1 m/s.

and the third curve is defined by

U= min o (u) (20) ‘
and the time of the schedulgt) is obtained from
u(u(t)) = 3 as follows

u
= (A 1)
usp U(U) =
Note that for time-optimal solution the travelling 15t
velocity as well asi(u) always are higher than 0. If
U(u) = 0 the system would stop which can not be time
optimal solution.
To the velocity profile planning also requirements %
for initial vsp, vp(usp), and final velocitiesvep,

1H

Vp(ugp) can be included. Starting point (SP) and K o8 ! ol 28 : e
end point (EP) can simply be treated as \(,)St:‘er WM rigure 7: Optimal schedule minimizes all local profileis
points, their initial conditions readssp = Vollsp) the turn pointsdyaxr = 3, amaxt = 4, VMAX = ).
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Figure 8: Optimal schedule(t) for the combined path
(amaxr = 3, amaxt = 4, Vimax = ©).
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Figure 9: Optimal velocity profile(t) (amaxr = 3, amaxt =
4, VMax = o).
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The optimal velocity profile for the combined path
is first computed for acceleration constraiafgxr =
3m/s? andamaxt = 4m/s” and no velocity constraint.

Calculated optimal time derivative of the schedule
parameteu along the path is shown by the thick line
in Fig. 7. Where it is seen that minimum off all local
turn points (TP) profiles and (SP) start and end point
(EP) is selected. The resulting optimal schedulg
is given in Fig. 8 and final velocity profile in Fig. 9

To simulate maximum driving velocity constraint
vmax = 1.3m/sthe resulting optimal velocity profile
changes as shown in Figs. 10- 11.

If translational acceleration is limited &yaxt =
1.5m/<* the optimal velocity profile considering ac-

celeration and velocity constraints does not exist as
the second turn point becomes unreachable as show

in Fig. 12.
Therefore new feasible maximal velocity (initially
set by (18)) for the second TP need to be modified by

a1/

L L L L )
15 2 25 3 35

ul]
Figure 10: Optimal schedule (amaxr = 3m/52, apmAaXt =
4m/<2, vmax = 1.3m/s).
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0 0.5 1

. . , .
0.8 1 12 14
ifs]

Figure 11: Optimal velocity profile(t) for apax, = 3m/s?,
amaxt = 4M/S%, imax = 1.3m/s.
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o]

L L
0 05 1

Figure 12: Unreachable optimal schedule. It is not possi-
ble to arrive in the second turn point with required sched-
Mle velocity {itp, = 2.6 1/saturp, = 1.5) by acceleration

aMAXt = 15m/52 .
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ing algorithm to find continuous curvature path with
no additional smoothing required. Future issues will
deal with computational complexity where velocity
profile determination is integrated in the path planing.
To obtain more optimal trajectories with shorter trav-
elling time also variable final orientation of the path
section candidates will be considered.
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