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Abstract: We address a problem of finding generation rules from biological data, especially, represented as directed and
undirected generalized series-parallel graphs (GSPGs), which include trees, outerplanar graphs, and series-
parallel graphs. In the previous study, grammars for edge-labeled rooted ordered and unordered trees, called
SEOTG and SEUTG, respectively, were defined, and it was examined to extract generation rules from glycans
and RNAs that can be represented by rooted tree structures, where integer linear programming-based methods
for finding the minimum SEOTG and SEUTG that produce only given trees were developed. In nature and or-
ganisms, however, there are various kinds of structures such as gene regulatory networks, metabolic pathways,
and chemical structures that cannot be represented as rooted trees. In this study, we relax the limitation of
structures to be compressed, and propose grammars representing edge-labeled directed and undirected GSPGs
based on context-free grammars by extending SEOTG and SEUTG. In addition, we propose an integer linear
programming-based method for finding the minimum GSPG grammar in order to analyze more complicated
biological networks and structures.

1 INTRODUCTION duces only given single ordered and unordered rooted
trees, and applied them to biological data such as gly-

Data compression for a structure is related with the cans with up to 36 nodes and 5 distinct labels, where
amount of information that it contains. The amount of these methods are based on a kind of tree grammar,
information would be large if the size of compressed the simple elementary ordered (unordered) tree gram-
data is still large. Otherwise, the data include redun- mar (SEO(U)TG) (Akutsu, 2010). Furthermore, they
dant data, and the amount of information is small. Our extended the methods to multiple rooted trees be-
purpose is to extract useful information and knowl- cause generation rules are commonly utilised among
edge from data through compression. In particular, these multiple trees. It, however, is considered that
we focus on biological structured data constructed in Structures generated in nature cannot be always rep-
nature. Such structures could be often explained by resented by rooted trees. In this paper, we extend
several simple generation rules. their grammar to directed and undirected generalized
In previous studies, biological data represented by Series-parallel graphs (GSPGs), which include trees
rooted trees such as glycans and RNAs were com-and outerplanar graphs. In addition, we propose an
pressed and analyzed (Zhao et al., 2010; Zhao et al.integer linear programming-based method for finding
2015). It is known that glycans are composed of mul- the minimum GSPG grammar that produces only a
tiple monosaccharides bound by glycosidic bonds, given generalized series-parallel graph.
take various structures in accordance with biosyn- A series-parallel graph is defined by two proce-
thetic reactions, and the function of a glycan depends dures, called series and parallel compositions, and
on its structure. Hence, it is important to analyze the two special nodes in the graph are labeled with source
glycan structures, and to extract rules of the biosyn- and sink as terminal nodes (Eppstein, 1992; Eikel
theses. They developed integer linear programming- €t al., 2015). A generalized series-parallel graph is
based methods, called the minimum SEOTG and defined by the addition of another series-type compo-
SEUTG, for finding the minimum grammar that pro- Sition, called generalized series composition, where
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the shared node between two composed graphs is la- (R1) (R1t)

beled with a terminal node (Korneyenko, 1994). Ho

et al. proposed a decomposition method for GSPGs Al > a i 4 T > a i

using many processors in parallel (Ho et al., 1999). RI R2

However, it is not guaranteed that their method al- ®2) B 20 B

ways finds the minimum decomposition tree. It has A| > AT—)

been proved that the problem of finding the mini- C C

mum SEO(U)TG for a given rooted tree is NP-hard ®3) (R31)

(Akutsu, 2010). Hence, the problem of finding the

minimum grammar for a given GSPG is also NP-hard, A i —> B )/ \( ¢ 4 i —> B )/ \‘ C

and it means that there does not exist any polynomial

time algorithm for finding the minimum GSPG gram- (R3D

mar. Ai—» B '/ \' C
Since production rules of a SEO(U)TG can be re-

garded as two types of series compositions in GSPGs,Figure 1: Three main types (R1), (R2), (R3) of production
we define a grammar by adding a production rule rules of SEOTG for rooted ordered trees. A black circle
corresponding to the parallel composition to their denotes atag.

grammar, and develop an integer linear programming-

based method for finding the minimum GSPG gram- (@)
mar. Si—)A'/\'B CT—) aT

2 METHOD C

4] —> D|—>» b
We briefly review the simple elementary ordered (un- B
qrdered) tree grammar (SEO(U)TG) and t_he'integer E|l > ¢
linear programming-based methods for finding the
minimum SEOTG and SEUTG, and propose gram- B|—>D/\E
mars for edge-labeled directed and undirected gen-
eralized series-parallel graphs (GSPGs) and an inte- b
ger linear programming-based method for finding the () i j&)

A B

C/ \B
—>
B
2.1 SEOTG and SEUTG

minimum GSPG grammar. S

SEOTG and SEUTG are context-free grammar —> (D —> a{b

(CFG)-like grammars for edge-labeled ordered and D/\E b c

unordered rooted trees, respectively. In CFG,

a nonterminal symbol is replaced with several Figure  2: Example of a SEOTG with
(non)terminal symbols (Hopcroft et al., 2001). In (13 pc},{SAB,C,D,E},SA) and the tree gener-
SEO(U)TG, an edge having a nonterminal symbol is ated by this grammar. (a) Production rulesfof (b) The
replaced with one or two edges having (non)terminal derivation of the generated tree.

symbols. SEOTG and SEUTG are defined as follows.

Definition 1 (Slmple Elementary Ordered Tree Gram- Symbo| in, andA is a set of production rules (R]_)'
mar (SEOTG)) A SEOTG is defined as 4-tuplg, (, (R1t), (R2), (R21), (R3), (R3r).
S,A), whereX is a set of terminal symbol§, is a set

of nonterminal symbols, S is a start nonterminal sym- 'S noted that (R3r) becomes equivalent to (R3l)
bolinT, andAis a set of production rules (R1), (R1t), Pecause the edge order is ignored.
(R2), (R21), (R3), (R3r), (R3l) as shown in Fig. 1. These production rules do not construct any cycle

but trees. A tree generated from a nonterminal sym-
Definition 2 (Simple Elementary Unordered Tree bol by SEOTG and SEUTG has at most two special
Grammar (SEUTG))A SEUTG is defined as 4-tuple nodes, its root and a tag node, where a tag means a
(Z,T, S,A) whereX is a set of terminal symbolE, is terminal node to which another tree structure can be
a set of nonterminal symbols, S is a start nonterminal attached.
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Fig. 2 shows an example of a SEOTG with
({a,b,c},{SAB,C,D,E},SA), and the tree gener-
ated by the grammar, wheteis shown in Fig. 2(a).
The generation starts fror§, production rules are
applied to edges with nonterminal symbols, and the
tree with only terminal symbols is generated (see Fig.

2(b)).
2.2 The Minimum SEOTG and SEUTG

We can obtain a clue of generation mechanisms of bi-
ological structures by finding the minimum grammar.
For a rooted ordered trég the following integer lin-
ear programming problem was formulated for finding
the minimum SEOTG that produces only the tilee

Minimize Pu
&
Subjectto
Xiejj=1 foralli, jech(i) (ch(j)| = 0),
Xijjj=1 foralli, jech(i)(|ch(j)| > 0),
Xy lch(1)reh(1) = 1,
k-1

Zighkt
tel(Ti g hk)
foralli, h<ke ch(i),
1
Yiehlk < E(Xi,s,h,l +Xiel+1k)
foralli,h<I < ke ch(i),

Xighk < ZIYi,s,h,Lk +
|=

Ziehkt < E(Xi,t,h,k+Xt,s,lch(t),rch(t))
foralli,h<kech(i),t € I(Tignk),

k—1
Xi,jhk < Z—Iyi,j,h,l,k'f' > Zjhkt
1= teand(j)

foralli,h<kech(i), j€l(Tignk)s

1
Viihik < é(xi,s,h,l +Xi,j1+1,k)
foralli,h<I <kech(i), j €l (Tiei+1k),

1
Yiihlk < E(Xi,j,m +Xi gl 4+1k)
forallf, h<1 <kech(i), jel(Tien),

Zjhkt < E(Xi7t7h7kJFXt,chh(t),rch(t))
foralli,h <kech(i), j € I(Tignk), t € and(j),

Pu=> X jhk forallueU,

|S(u)l T jnkES(Y)
pu< 1+

S5, 2
Xi,i.hk:Yi.jhl k- Z,jhkts Pu € {0,1},
wherelch(i), rch(i), andch(i) denote the leftmost
child of the nodey; in T, the rightmost child ofy;,
and the set of child nodes of, respectively. T nk
denotes the subtree rootedvatwith the child nodes
vj (h < j <k) andv labeled with a tag ifT, which
does not have a tag wher= €. 1(T) denotes the set

Xi.j,hk forallue U,

of internal nodes, except for the root and leaves of
treeT. andj) denotes the set of ancestor nodes;of
wherej ¢ andj) andande) = 0.

Each variable of; j hk,Vi,jhik Z,jhkt takes ei-
ther 0 or 1. % jnhk = 1 if Ti jhk iS generated by the
grammary; j hk = 0 otherwisey; j ni x = 1 if both of
Ti.jnt andTi j 11k are generatedj j h) k = O other-
wise. 7 jhkt = 1 if both of Tit hk and T; j jcht) rehit)
are generated; j hxt = 0 otherwise.

In this formulation, the Euler stringgT) is used
to determine if two edge-labeled rooted trdgsand
T, are isomorphic to each other, whe%T ) for atree
T is defined by the sequence of edge labedsd its
oppositel, along the depth-first search traversallof
(Akutsu, 2010). Itis noted that for two edge-labeled
rooted treed; andTp, Ty is isomorphic toT; if (and
only if) egT1) = eqTy). U denotes the set of all Euler
strings for all connected subtrees©f S(u) denotes
the set of all subtre€g j nhx of T such thaeqT, j hk)
is equivalent tas. Then,py, = 1 means that the mini-
mum grammar generates the subtree corresponding to
u, andy ey pu represents the number of nonterminal
symbols.

Similarly to the minimum SEOTG, the minimum
SEUTG was formulated.

2.3 Directed and Undirected
Generalized Series-parallel Graph
Grammars (GSPGGSs)

Let G(V,E) be an undirected GSPG with a aétof
nodes and a s& of edges labeled with(e) forec E.
For example, Fig. 4(a) shows the benzene ring, which
is regarded as an undirected GSPG with six nodes and
six edges, and is constructed by several series compo-
sitions after one parallel composition.

We define an undirected generalized series-
parallel graph grammar (GSPGG) as follows.

Definition 3 (Undirected generalized series-parallel
graph grammar)An undirected GSPGG is defined as
4-tuple &, T, S,A), whereZ andl™ are sets of nonter-
minal and terminal symbols, every terminal symbol is
an undirected labeled edge, S is a start nonterminal
symbol, and\ is a set of production rules as shown in
Fig. 3.

In Fig. 3, a head and a tail of each arrow denote
two terminal nodes of its edge. If the graph with only
terminal symbols generated from a nonterminal sym-
bol is symmetric, then the source and sink nodes can
be changed to each other. White and black squares
mean that in a production rule, the node with a white
(black) square in the left-hand side corresponds to the
node with a white (black) square in the right-hand
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>
(R2a) (R2b) (R2¢) (R2d)
B B B B
4| —> 4| —> 4| —> 4| —>
C C C C

(RI)
A

v

(R3a) (R3b) (R3¢) (R3d)

A —)Bi/\'C A _>B|/\1C Ai—)Bi/\‘C Ai—)BI/\‘C
(R4a) (R4b) (R4c) (R4d)
AT—)BﬁC AT—)BHC AT—)BﬁC AT—)BHC
| | | |
Figure 3: Four main types of production rules of undirect&@PGGs. A head and a tail of each arrow denote two terminal

nodes of its edge. White and black squares mean that the rittde white (black) square in the left-hand side corresponds
to the node with a white (black) square in the right-hand.side

(b) s (Rla) (R1b) Ny
ST—)AﬂA AT—»C AE_> ai AT_> a:

cl—> a Figure 5: Production rules of replacement of a nontermi-
nal symbol with a terminal symbol in directed GSPGGs. In

(a)

s>

each production rule, the arrow in the right-hand side de-

C
(o) R c R 0 R notes a directed edge.
Si_> A @ A > —>C C—>»a a
c\/C No N Similarly to the definition of undirected GSPGGs,

: | . _ we define a directed GSPGG as follows.
Figure 4: Example of an undirected generalized series-

parallel graph and its grammar. (a) The benzene ring. (b) Definition 4 (Directed generalized series-parallel
An undirected GSPGG of the benzene ring. (c) The deriva- graph grammar)A directed GSPGG is defined as 4-
tion of the benzene ring using the grammar, where terminal tuple &, I', S,A), whereX andl™ are sets of nonter-
symbol ‘@' denotes a bond with order 1.5 of the benzene ming| and terminal symbols, every terminal symbol is
fing. a directed labeled edge, S is a start nonterminal sym-
bol, Ais a set of the same types of production rules of
undirected GSPGGs except (R1), and (R1) is replaced

side. In the production rule (R4a-d), an edge betwee”with (R1a-b) as shown in Fig. 5.

the source and sink nodes is replaced with two edges, ) ]
and a cycle is generated. Fig. 6 shows an example of a directed GSPG and

its grammar that produces only the graph, where the
chemical structure of the purine (Fig. 6(a)) is trans-

formed to a directed graph as shown in Fig. 6(b).

3f it is transformed to an undirected graph, two end-

points of a terminal symbol cannot be distinguished,

and atom types are not determined in the graph pro-
duced by an undirected GSPGG.

Fig. 4(b) shows an example of an undirected
GSPGG that produces the benzene ring (Fig. 4(a)),
where each bond in the benzene ring is represented a
an edge with labeld’ because six bonds are equiv-
alent to each other. Fig. 4(c) shows the derivation
of the benzene ring using the undirected GSPGG.
The start symbolS is replaced with two nontermi-
nal symbols A’ making a cycle. A’ is replaced with . .
B aﬁd 'C.'Bis reglace)tlj with two 83. 'Cis 2.4 The Minimum Directed and
replaced with &. Then, the number of production Undirected GSPGGs
rules is equal to the number of nonterminal symbols,
|Z| =4 (X = {S,A/B,C}). For finding the minimum  Let G(V,E) be a directed (undirected) GSPG with a
GSPGG, it is enough to find GSPGGs with the mini- setV of nodes and a sé& of labeled edges. To con-
mum number of nonterminal symbols. sider all combinations of compositions of subgraphs
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Figure 6: Example of a directed generalized series-péralle
graph and its directed GSPGG. (a) The purine. (b) A trans-
formed directed graph. (c) A directed GSPGG that gener-
ates the graph (b).

(@)
G @ ®
@‘9 I N
(®) " (d
N 0b Lo d
G4,{3} G4,{5} G],{Z},3,{2} G],{3},3,{1,4}
© v © v

G3,{1,2} GS,{4},4,{3} Gl,{3},3,{1} G3,{4}

Figure 7: Example of an undirected GSPG and its partition-
ing. (&) An example grap® with five nodes. (b) The parti-
tioned graph$s ;3 andGy ;5 at node 4 ofs. (c) The par-
titioned graphiG3 (1,2} andés (4},4,{3) atnode 3 015, (3.

(d) The partitioned graph&;_ {2).3(2) andGy (3 3 (14; at
nodes 1 and 3 db. (e) The partltloned graphs; 3y 3 (1}
andGg (4y at node 3 051 (3} 3 (1.4} A black circle denotes
aterminal node.

G with five nodes and its partitionings is partitioned
into two subgraph$3, 3y and Gy (5, at node 4 that
does not belong to any cycle as shown in Fig. 7(b).
If a node to be partitioned does not belong to any cy-
cle, only the node can be a new terminal node. Then,
production rules of (R2) and (R3) can be constructed,
andG is generated fronG, (3, and Gy (5, by series
compositions. In Fig. 7(c), we cannot partitiGn, (3,

at node 1 or 2 because two connected components are
not generatedG, (3 is partitioned intoGz (1 2y and

Gs (4},4,(3) at node 3. Then, production rules of (R2)
and (R3) can be constructed, a@d{g} is generated
from Gs (12) andGgz (4) 4¢3y by series compositions.

of G, we repeatedly partition subgraphs into two con- On the other hand, if a node to be partitioned belongs
nected components until only edges remain. A GSPG to only a cycle, another node belonging to the cycle is
has two terminal nodes, where@sloes not have any  needed. In Fig. 7(d)G is partitioned intdGy (2, 3 (2}
terminal node. Hence, we require that a partitioned andGy (3 3 1.4) at nodes 1 and 3. Then, a production

subgraph has at most two terminal nodes. Supposerule of (R4) can be constructed, aflis generated
thatGi sj 1 represents a connected subgraph with ter- from Gy (2, 3 (2, and Gy (3} 3 1.4) by parallel com-

minal nodes andj, whereSandT are subsets of ad-
jacent nodes off and j, respectively. If a partitioned

position. In Fig. 7(e)Gy (a3} 3,(1.4) Cannot be parti-
tioned at node 4 because only subgraphs with at most

subgraph has one terminal node, we represent the subtwo terminal nodes are allowed. Hen€®, (3 3 (1.4

graph assi s, Gi se.0, 0r Ge g s- Gis also represented
asGgpeo. If Gigj1 is isomorphic toGy g except
node j, and is generated by a production rule, then
Gy g is also generated by the same production rule.

A subgraph with at most two terminal nodes can
be partitioned into two subgraphs with one or two ter-
minal nodes.

Fig. 7 shows an example of an undirected GSPG

is partitioned intoGy () 3 (1) and Gz (4, at node 3.
Then, a production rule of (R3) can be constructed,
and Gy (3) 3(14) IS generated fronGy (3) 31, and
Gs, (4 by generalized series composition.
Suppose that (G) is a set of indicegi,S j,T)

of all subgraphsGisjr of G obtained by re-
peatedly partitioning,S(G) is a set of all distinct
subgraphsG; sjr, and £(u) is a set of all sub-
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graphsGi g1 that are isomorphic ta. Consider 3 CONCLUSION
the case thaiGisjt(VisjT,EisjT) is correctly

partitoned  into Gy g1 (Vg j1.Ergj1) In this paper, we proposed the definition of di-

and  Gir g jo 7 (Vi g jo 70, Birr g jr 71). Let rected and undirected generalized series-parallel
C(Gisjr) be a set of all index com- graph (GSPG) grammars, and an integer linear
binations (i",S, 1, 1,i", 8", T") that programming-based method for finding the minimum

Virg,jm U Vingjngr = Vigjt,  Vigjr N GSPG grammar that produces only a given GSPG.
Virg jrrr =1{i,i}, Brg 1 UBng jn 1 =EisjT, It has been proved that any outerplanar graph is a
Eigjyr NEBrgjpr =0 E/gyr # 0 and  GSPG. We can find the minimum grammar for trees,

Ein g j» v # 0 in such cases. Then, we propose the outerplanar graphs, and GSPGs. As future work, we
following integer linear programming formulation would like to apply our method to biological struc-

for finding the minimum directed and undirected tyred data, and extract production rules to construct
GSPGGs that produce only a given generalized the structure. Our integer linear programming for-

series-parallel grapB. mulation can take exponential time of the size of a
Minimize ; Pu GSPG. Hence, we would like to analyze the time
ues(G) complexity for the case that the degree of every node
Subject to is less than a constant value. Furthermore, we would
X060 =1, 1) like to uncover what kind of graphs other than trees
Xi%jr'gllz(il,aj,T) cI10G)stlEsirl=1 (@ and outerplanar graphs can be handled by directed

XsiT < z VoS T ST and undirected GSPGGs.
(i1,8,),17,i",8,]",T"el(Gisj.)
forall (i,Sj,T) e I(G) st.[Eigjr[>2,  (3)

Yirs jTing jr T < }(Xa/.s,mf +Xir g 1) ACKNOWLEDGEMENTS
forall (i",S,j’,T",i",9",j",T") € C(Gisj1).(4)
pu> — xisjr forallues(G), (5) This work was partially supported by Grants-in-Aid
Elge Zrw #16K00392, #16KT0020, and #26240034 from JSPS,
pu<lt= 3  Xsjr forallucs(G)() S
[E| GisjTEE(U)

XSjT: Y8, Tins,jr. 1, Pu€ {0,1}.
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