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Abstract: In this paper, a fuzzy linear system with crisp coefficient matrix is considered in order to solve in the stochastic
arithmetic. The fuzzy CESTAC method is applied in order to validate the computed results. The Gauss-Seidel
and Jacobi iterative methods are used for solving a given fuzzy linear system. In order to implement the
proposed algorithm, the CADNA library is applied to find the optimal number of iterations. Finally, two
numerical examples are solved based on the given algorithm in the stochastic arithmetic.

1 INTRODUCTION CADNA (Control of Accuracy and Debugging for
Numerical Applications) library is a tool to imple-
A general model for solving a FLS whose coefficient ment the stochastic arithmetic automatically. The first
matrix is crisp and the right-hand side column is an goal of this software is the estimation of the accuracy
arbitrary fuzzy number was first proposed by Fried- of each computed result. CADNA detects numerical
man, Ming and Kandel, (1998). They used the em- instabilities (informatical zero) during the run of the
bedding method and replaced the original fuzzy lin- program. CADNA works on Fortran or C++ codes.
ear system by a crisp linear system with a nonnegativeWhen a result is a stochastic zero (i.e. is insignif-
coefficients matrix. In the sequel, solving this kind of icant), the symbol @ is printed. CADNA detects
fuzzy linear system based on the numerical and itera- numerical instabilities during the run of the program
tive methods were proposed by others. Some of these(Jezequel and Chesneaux, 2008). For more details
works were presented by Abbasbandy et al. (2006), about this library we refer the reader to "http://www-
Allahviranloo (2004)(2005), Dehghan and Hashemi pequan.lip6.fr/cadna”.
(2006). Since, the results of the iterative methods By using the CESTAC methodl runs of the com-
are obtained in the floating-point arithmetic, the ter- puter program take place in parallel. In this way,
mination criterion depends on a positive number like one runs every arithmetical operatibhtimes syn-
€. So, the final results may not be accurate or the chronously before running the next operation. In this
number of iterations may increase without increas- method, by running the prograkhtimes, for each re-
ing the accuracy of the results. Therefore, the vali- sult of any floating-point arithmetic operation, a set
dation of the computed results is important. In this of N computed resultX;; i = 1,2,...N, is obtained.
case, because of the round-off error propagation, theN can be chosen any natural number lik8,3, 7, but
computer may not able to improve the accuracy of the in order to decrease operations cost, usulslly 3 is
computed solution. By using the stochastic arithmetic considered. This method is able to estimate the round-
in place of the traditional floating-point arithmetic, off error on each result and determine the accuracy of
one can rely the results and estimate the accuracy ofit.
them (Abbasbandy and Fariborzi Araghi, 2004; Ches- Let F be the set of all values represented on the
neaux, 1992; Fariborzi Araghi, 2008; Vignes, 1993). computer. Thus, any real valuas represented in the
CESTAC (Controle et Estimation Stochastique des form of X € F on the computer. It has been mentioned
Arrondis de Calculs) method is an efficient method in (Vignes, 1993) that in a binary floating-point arith-
in order to estimate the accuracy of the results and metic with P mantissa bits, the rounding error stems
find the optimal number of iterations (Vignes,1993). from assignment operator is

446 Fariborzi Araghi M. and Fattahi H..
SOLVING FUZZY LINEAR SYSTEMS IN THE STOCHASTIC ARITHMETIC BY APPLYING CADNA LIBRARY.
DOI: 10.5220/0003675804460450
In Proceedings of the International Conference on Evolutionary Computation Theory and Applications (FCTA-2011), pages 446-450
ISBN: 978-989-8425-83-6
Copyright ¢ 2011 SCITEPRESS (Science and Technology Publications, Lda.)



SOLVING FUZZY LINEAR SYSTEMS IN THE STOCHASTIC ARITHMETIC BY APPLYING CADNA LIBRARY

X = x—g25Pa, ) where the coelff!uents matrik = [aj] is a crisp ma-

) ) o trix andy; € E*)i = 1,2,....n. The fuzzy system (3)
wheree is the sign ofx, 2" "a is the lost part of the s called a fuzzy linear system (FLS). This system can

mantissa due to round-off error aidis the binary be converted to a crispnZ 2n linear system as fol-

exponent of the result. In single precision caBes  |ows (Abbasbandy et al., 2006; Allahviranloo, 2004;
24. If the floating-point arithmetic is as rounding to  pehghan and Hashemi, 2006):

400 Or —oo, then—1<a< 1.
According to (1) if we want to perturb the last SX=Y, S— ( B C ) 4)
mantissa bit (or previous bits if necessary) of the value CB

x, itis sufficientto changain the interval—1,1]. We  \yhere B contains the positive entries Af andC con-

considera as a random variable uniformly distributed t5ins the absolute values of the negative entrie& of

on[—1,1]. ThusX, the calculated result, is a random gnda—B_C.

variable and its precision depends on its mggrand We suppose tha§i > 0,i = 1,2,...,2n. LetB=

its standard deviatio(o). D1+ L1 +U; whereDs, Ly andU; are the diago-
The idea of CESTAC method is to consider that na, the strict lower and the strict upper triangular

every resuliX € F of a floating-point operation cor-  matrices respectively. So, the elementsxdftd =
responds to two informatical results one rounded off (X(k“) Y(k+1)) K—012 in the Jacobi itera-

froT below(X™)sthesecond rpunded oo _above. tive technique are obtained as follows (Allahviran-
(XT), each of them representing the exact arithmeti- }

; e 100,2004):
cal resultx, with equal validity.

In this paper, we apply the stochastic arithmetic x (<1 — _p2(L; +Up)x® + Dilci(k) +D7Yy,
to solve a fuzzy linear system by applying the fuzzy (5)
CESTAC method for the Jacobi and Gauss-Seideliter- w(k+1) _  ~-1 (K —1~y(K) —1y7
X =—-D; (L1 +U)X D;CX D;Y.

ative methods. For this purpose, the CADNA library 1 (L UYX 4D 7CX T 4Dy
is used over the Linux operating system. The pro- Also. the elements of the vectax®+D for

grams have been provided by C++. The preliminaries the Gauss-Seidel iterative method is (Allahviranloo
are given in Section 2. The fuzzy CESTAC method 2004): any 28 v Is ( Vi '

and the algorithm of solving FLS are introduced in

EAN bl

Section 3. In Section 4, two examples are solved X — —(Dg+Lg) U X® -

by using of the stochastic arithmetic and CADNA li- s 1

brary and compare the results with the results of the (D1+L1)"CX™ + (D1+L1)7Y, (M

floating-point arithmetic. Xkt _ (D1 + Ll)*lulY(kL
(D1+Ly)'CXY 4+ (D1 +L) Y. (8)

2 PRELIMANERIES
Definition 1. An arbitrary fuzzy numbeK in para- 3 INTRODUCING FUZZY

metric form is represented by an ordered pair func- CESTAC METHOD
tions(X(r),X(r)), 0<r <1, whereX(r) is a bounded . )
left-continuous non- decreasing function oyerl],  LetX= (x(r),X(r)) be a fuzzy number if*. Then,
andX(r) is a bounded left-continuous non-increasing Xis represented as = (X(r),X(r)),0 <r < 1in the
function over0,1]. Also, X(r) < X(r),0<r<1.We  computer. It can be shown that:

denote the set of all fuzzy numbers By. X(r) = x(r) - €125 Pq, (9)

Definition 2. Let X = (X(r),X(r)) and ¥ = X(r) = X(r) — £2252Pa, (10)
(Y(r),Y(r)) be arbitrary fuzzy numbers then the

Hausdorff distance of these numbers is defined by: ~ Where.€1 ande, are the signs ok(r) andx(r) re-

spectively and 2Pa and 2-Pa are the lost part of the

D(X,Y) = mantissa due to round-off error akg andE; are the
_ _ binary exponents of the results. In single precision

sup<r<tmax{|X(r) =Y(r)[,[X(r) =Y(n)[}. (2) case,P =24 and—1< a,@ < 1. In the CESTAC

method,a and@ in (9) and (10) are considered as
Definition 3. Consider then x n linear system of  random variables uniformly distributed ¢n1,1]. In

equations: order to find samples for the obtained random vari-
Ax =, 3) ables, we perturb the last mantissa bit (or previous
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bits) of the value(r) andX(r),0 <r <1 (Vignes,
1993). The algorithm of fuzzy CESTAC method is
as follows wheral is a small positive value like 1&
andtg is the value off distribution withN — 1 degree
of freedom and confidence intervak-1B3. If N =3
andp = 0.05 thentg = 4.303.

Algorithm 1:

Forr = 0(d)1 do the following steps:
1) FindN samples foX(r) andX(r) as
Xl(r)aXZ(r)a mle(r)
and
Yl(r),fz(r), ...,YN(r),
by means of the perturbation of the last bit of the
mantissa,

2) Compute
X
Xave(r) = 20
and B
Xave( ): ZI:lNXi(r)
3) Compute
Sr) = g1 I (X (1) — Xave(1)?
and
S(r) = g1 XN (Xi(r) — Xavelr)?
4) Compute
Coaveln) X (1) = '0910@5%(0‘
and
- _ VN[Xave(r)|
CRavelr) X(1r) = 10810 755

Algorithm 2:
1-Letk=0andi =1,
2- Forr = 0(d)1 do the following steps based on
the fuzzy CESTAC method:

2.a) FindX®D and X*™ by using Jacobi or
Gauss-Seidel iterative method mentioned in (5)-
(8),
2.b) Let

dif = |l(k+l) ,l(k)|
and

a@if — |Y(k+1) _x® ]
and put the maximum value of them emxdifi]
in the arraymaxdif,
2.0)i=i+1,
3- Find the maximum element of the arnenaxdif
and call it 'Hmax which is the approximation of
Hausdorff distance in the stochastic arithmetic. If
Hmax= @.0 then go to step 4 else pkit= k+ 1
and go to step 2,
4- Printk as the optimal iteration and®) ~ X and

XW'©X as the approximate solution of the linear
system (4).

Now, from the procedure mentioned by Khojasteh
Salkuyeh and Toutounian (2006), we can prove the
following theorem for computing of the common sig-
nificant digits of each corresponding components of
the computed solution and exact solution for a lin-
ear system using an iterative method. In this theorem,
the notatiorC, ,» means the common significant dig-

as the common significant digits between the exact its between two distinct real vectoxsandX’ in R"

valuesX(r) andX(r) and the approximate values
Xave(r) andXaye(r) respectively,

5) If
Careln) X (r) < 001 Xqe(r) =0

and
Ciave(f),i(l’) § O OrXave(r> = O
then writeX = @.0

For solving fuzzy linear systems in the stochastic
arithmetic we use the following algorithm by apply-
ing Jacobi and Gauss-Seidel iterative methods with
the initial vectorX© = (X© X?). The programs
have been written in C++ and executed on a Linux
machine using CADNA library. For the termination
criterion, we consider the Hausdorff distance to be an
informatical zero (@.0). In the algorithm, the valdie

is a small positive number like = 0.1.
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PR ; X+X |2
which is defined al ) = logro— XXz
Sxx = 109107 55,

Theorem 3.1.Let X1 = px® 1 Q; andX'

PZY(k) +Q2,k> 0, be convergence iterative method to
the exact solutiorX = (X, X) of the system (4) with
Q1,Q2 # 0. Then, for sufficiently large value &f we
have

k+1)

l0g10|1 — [|Puf]2] < Cyw x —Cxi x(ki )
<logio(1+ ||Pi]|2)-
l0g10|1 — [|P2l|2] < Cu 5 — Cqito ikrn)

<logio(1+ [|P2|]2)-

Since the above iterative procedure is convergent
if ||P1|l2 <1 and||P,||2 < 1, hence according to the
theorem 3.1, whefjP||2 << 1 and||P;||2 << 1 then,

Cyxw x = Cx x(ki1)-

Crto x = Cg gl
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4 NUMERICAL EXAMPLES which means the computed result in the iteration 26
is very near to the exact solution.

In this secti(_)n, we solve two examples by “?"‘9 th_e Example 4.2. Consider the following fuzzy linear

above algorithm based on the stochastic a”thmet_'c'system (Dehghan and Hashemi, 2006)

The programs have been implemented by CADNA li-

brary. In each examples, the number of iterations in 8X1+2x2+ X3 —3xs = (r,2—r),

both arithmetic are shown in single precision case. In —2X1+ 5%+ X3 — X4+ X5 = (4+T1,7—2r),
the floating-point arithmetic we use the termination X1 — X2+ 5X3+Xa+ X5 = (1+2r,6 — 3r),
criterionHmax< € whereg is a given positive num- —X3+ M4+ 25 = (14+r1,3—r),
ber. X1 — 2%+ 3x5 = (3r,6 — 3r),
Example 4.1. Consider the following fuzzy linear
system (Freidman et al.,1998) Table 2: The number of iterations (example 4.2).
Jacobi| Gauss-Seide| €
{ Xp—Xp = (1,2—r), :
Stochastic 108 19 —
X1+ 3= (441,7—2r), - -
13 = ( ) Floating-point| > 10° 60 107
Table 1: The number of iterations (example 4.1). The optimal solution of Jacobi method in the
Jacobil Gauss-Seide] ¢ stochastic arithmetic in the iteratidgp: = 108 is:
Stochastic 26 9 — x1 = (0.72869E + 00 — 0.330572% -+ 0Or,

X2 = (0.614183E + 00 + 0.16626E + 00,

As we observe in the table 1, for Jacobi method 0.107726 +01—-0.29682F +00r),

the algorithm is stopped at the iteratibr= 34 in the X3 = (0.12627% + 00 + 0.290586& + 0O,
floating-point arithmetic witte = 10~7. But, in the 0.918220€ + 00— 0.501358& +00r),

stochastic arithmetic the optimal number of iterations X4 = (0.241915€ + 00 — 0.331494& + 00r,
is k = 26. It means that after this number the contin- —0.41580% + 00+ 0.326225E +00r),

uation of the iterations is useless and the accuracy of ~and
the solution does not increase. Also, we can compare X6 = (047528 + 00 + 0.912306E + 00r,

the results of the Gauss-Seidel method. The optimal 0.239474E + 01— 0.10071% + O1r).
solution of Jacobi method in the stochastic arithmetic Also, the optimal solution of Gauss-Seidel method in
in the iteratiorkopt = 26 is: the stochastic arithmetic in the iteratiggp = 19 is:
x1 = (0.137500E + 01 + 0.624999& + 0Cr, x1 = (0.728698% + 00 — 0.33057E + 00,
0.287500E + 01— 0.8749995E + 00r) 0.44134% — 01+ 0.3539914& + 00r),
and X2 = (0.614182& + 00 + 0.16626E -+ 0Or,
X2 = (0.875000& + 00 + 0.124999E + 0Cr, 0.107726 + 01— 0.296824 + 00r),
0.137500@ + 01— 0.374999% + 00r). x3 = (0.12627% + 00 + 0.290586 -+ OOr,
Also, the optimal solution of Gauss-Seidel method 0.918221% + 00— 0.501359¢ + 00r),
in the stochastic arithmetic in the iteratikgp = 9 is: Xa = (0.24191% + 00 — 0.33149F + 0Or,
x; = (0.137499€ + 01 + 0.625000& -+ 00r, —0.415802€£ + 00+ 0.326224 + 00r),
0.287499€ + 01— 0.875000( + 00r) and
and x5 = (0.47527E + 00 + 0.912307°E + 0OOr,
X2 = (0.875000& + 00 + 0.125000& + 0O, 0.239474¥ + 01— 0.10071% + 01r),
0.137500(€E + 01— 0.375000E + 00r ). The exact solution of the system by using Maple 8 is:
The approximate result in the floating-point arith- X1 = (0.7287—-0.3306,0.04413+- 0.3540),
metick = 34 is: X2 = (0.6142+0.1663,1.077— 0.2968),
x1 = (1.375+ 0.625,2.875— 0.875) x3 = (0.1263+ 0.2906,0.9182— 0.5014),
and X4 = (0.2419— 0.3315, —0.4158+ 0.3262),

X2 = (0.875+ 0.125,1.375—0.375). and

If we solve the system by Maple 8 directly and cal- X = (0.4753+0.9123,2.395—- 1.00T).

culate Hausdorff distance between the exact solutionIn Jacobi method the optimal number of iterations is
and the result of iteratiok = 26 of Jacobi method  kopt =108 in the stochastic arithmetic, butin the float-
based on (2), we hav@(X,X(?9) = 9.5364x 107 ing point arithmetic the number of iterations exceed
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k= 10000 with criteriorHmax< e =10~'. Theseit-  Jezequel, F. and Chesneaux, J. M. (2008). CADNA,
erations are useless because after the iter&tioh08 a library for estimating round-off error propagation,
the accuracy does not increase but the floating-point ~ €omp. Phys. Commuri78, 933-955.

arithmetic is not able to recognize it. In this case, Khojasteh Salkuyeh, D.and Toutounian, F. (2006). Numeri-
D()~( )~((108>) — 1.18017x 10-5 cal accuracy of a certain class of iterative methods for
’ - ) solving linear systemAppl. Math. and Comp.176,
727-738.

Vignes, J. (1993). A stochastic arithmetic for reliable- sci

5 CONCLUSIONS entific computationMath. and Comp. in Simyl35,
233-261.

In this work, we proposed an algorithm in order to ap-
proximate the solution of a FLS in the stochastic arith-
metic. In this case, we are able to find the accuracy of
results and validate the results of the algorithm. Also,
we can find the optimal number if iterations in the it-
erative methods for solving fuzzy linear systems such
as Jacobi and Gauss-Seidel methods. In order to es-
timate the number of the significant digits we used
the CESTAC method and in order to implement the
stochastic arithmetic we applied the CADNA library.
Consequently, the stochastic arithmetic can play an
important role to rely the numerical solution of FLS.
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