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The paper presents the design and validation of two control system (CS) structures for the level control of

vertical two tank systems. The first CS structure consists of a Multi Input Multi Output Proportional Integral
Fuzzy Controller with integration of controller input (MIMO-PI-FC-II) and the second CS structure consists
of a Multi Input Multi Output Proportional Integral Fuzzy Controller with integration of controller output
(MIMO-PI-FC-OI). The suggested CS structures are designed using the modulus optimum method and the
modal equivalence principle. The experimental results validate the proposed control solutions. Finally a

comparative analysis is also included.

1 INTRODUCTION

The vertical two-tank systems (V2TS) benchmark is
a nonlinear Multi Input-Multi Output process. An
overview of some recent control structures for the
level control in the two-tank systems includes: the
popular  Proportional-Integral-Derivative  (PID)
control (Dormido et al., 2008) neural networks (Na et
al., 2012), IFT-based linear and fuzzy control
(Precup et al., 2010), (Precup et al., 2013), switched
model predictive control (Mirzaee and Salahshoor,
2012), robust and fuzzy predictive control (Bouzouita
et al., 2008), gain-scheduling control (Chakravarthi et
al., 2014), (Dinesh Kumar and Meenakshipriya,
2012) or sliding mode control (Orani, 2009).

This paper is focused on the development of two
control system (CS) structures for the level control of
two tanks of vertical two tank systems. The first CS
structure consists of a Multi Input Multi Output
Proportional Integral Fuzzy Controller with
integration of controller input (MIMO-PI-FC-II)
and the second CS structure consists of a Multi Input
Multi Output Proportional Integral Fuzzy Controller
with integration of controller output (MIMO-PI-FC—
OI).

The paper is organized as follows: the nonlinear
model and the identified two-order benchmark-type
transfer functions (t.f.s) of the simplified models of
V2TS are given in Section 2. The proposed CS
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structures are next developed in Section 3, and the
comparative study and the experimental results are
presented in Section 4. The conclusions are
highlighted in Section 5.

2 PROCESS MATHEMATICAL
MODELING

The V2TS is designed as a laboratory equipment that
allows for convenient experiments. The process
models consist of the following first principles state—
space equations of the process (Inteco, 2007):
H =g/@aw)-RH" /(aw),
H, =RH® /cw+(H,/H,,, )bw) 0
-R,H> /(cw+(H,/H )b w),

Yo = Hl’sz = Hz»

2 max

where q =kg.u, is the inflow in time, y, is the control
input of the first tank, k.. =1.6-10™, H,, i=1,2, is
the fluid level of i" tank, ¢, i=12, is the flow
coefficient for i tank, R, i= 1,2, is the resistance of
the output orifice of i™ tank, B,(H,), i =1,2, is the

cross sectional area of i™ tank computed at the level
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Hi» Yo i=12 is the measured fluid level, and
u, =R is the control input of the second tank. The
block diagram of linear V2TS is given in Fig. 1.

ur=q VAL
¥ V2TS
=R plant (Y&

Figure 1: The block diagram of linear V2TS models.

The parameters have the following numerical

values: R =11.08-107, R, =8.78-107,
a,=a,=05, a=025, b=0345, ¢=0.1,
w=0.035, q=0435-10", H,,, =H,, . =035.

In order to design the proposed control solutions,
the nonlinear state-space equations (1) were
approximated to two second—order benchmark-type
t.f.s using a simple least—squares—based experimental
approximation of V2TS (Bojan-Dragos et al., 2018)
and considering zero initial conditions:

H (S) — yHl(S) — kPCHl
P u(s)  (+T,9)1+T,,s)
2
Y2 () _ chHZ
U(s) (14T, $)A+T,, )

HPH (5) =

where Ko, =0.26,k,. =025 are the controlled
process gains and Ty, =72, Ty =57.T,, =100,
T,, =50 are the time constants.

Using the t.f.s. (2), the following state-space

matrices A,,B,,.C,, je{H, H,} are obtained:

[-032:107 -024-10%] , [1
R o [ " lof
C. =0 0.64:107]

[-0.03 -02-107 1
A”Z:_ 1 0 }BHZ:H’
[ 052.10%]

)

O
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3 DESIGN OF LEVEL CONTROL
SOLUTIONS

In order to obtain the desired liquid level of the two
tanks, H; and H,, two types of fuzzy control
structures, namely MIMO PI fuzzy controller with
integration of controller input (MIMO-PI-FC-II)
and MIMO PI fuzzy controller with integration of

controller output (MIMO-PI-FC-OI) were designed
in the following paragraphs.

3.1 Design of MIMO PI Fuzzy
Controller with Integration of
Controller Input (PI-FC-11)

The block diagram of the control structure with
MIMO-PI-FC-II is illustrated in Fig. 2, where w,, ,
i=1,2 is the reference input, €k > i:ﬁ is the
control error, B> 1= ﬁ is the integral of control
error, U, , i= ﬁ is the control input, Vi 1= ﬁ is

the controlled output.

Wi YH1k
MIMO Fuzzy > o
PI Controller| V2TS
Wi V2
» )

Figure 2: Block diagram MIMO-PI-FC-IICS.

The PI-FC-II design is formulated from the
continuous-time PI controller design:

He, () =lke, /ST, )I0+ST, )icfl2)  (4)
where: k. —gainand T — integral time constant.

Tustin’s method with T,=0.01s was used in order
to discretize this PI controller and the obtained quasi-
continuous digital PI controller is:

U = Ky + Ko Bk )
=K ylepw+@/ay)e 1ie{l,2}

where the expressions of the PI controller tuning

parameters, K, and K, > are

Kopi= kcHI [1-T, /(2TCH‘ )K= kcH, T/Te,

Chii

Oy = K/ Koy = 2T /2T - T) ©)

The fuzzification employs two linguistic terms
with trapezoidal membership functions for the input
variables, e, and e, ., i=12, and four linguistic
terms with triangular and trapezoidal membership
functions for the output variables, u,, i=1,2. The

membership functions are given in Fig. 3 and Fig.4.
The parameters of MIMO-PI-FC-II  block

Beris Berni = (1/0)Bg i, By = Koy Beyir 1=12,

are chosen based on the modal equivalence principle
and the value of the parameter B, >0 can be set using
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the experience of the CS designer, but the stability of
the fuzzy control system is used in this paper in this
regard.

1
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Figure 3: Membership functions of the inputs, e, and

ein> 1=1,2-

The inference engine employs Mamdani’s MAX-
MIN compositional rule of inference assisted by the
rule base presented in Table 1, which gives the
unified rule bases of both PI-FC-OI and PI-FC-II. The
centre of gravity method is used for defuzzification in
both cases (PI-FC-OI or PI-FC-II).
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Figure 4: Membership functions of the outputs Up» i=1,2-

3.2 Design of MIMO PI Fuzzy
Controller with Integration of
Controller Output (PI-FC-OI)

The block diagram of the control structure with
MIMO-PI-FC-Ol is illustrated in Fig. 5, where w,,,

i=12 is the reference input, e, , i=1,2 is the
control error, Ae,,, , i = 1,2 is the increment of control
error, Au, i=12 is the increment of the control
input, u, , i =1,2 is the control input, y_ , i=12 is

the controlled output. As shown in Fig. 2 and Fig. 5,
the input variables are also scheduling variables of
both PI-FC-II and PI-FC-OI.

WHIk, A EH1k
O mc’mk Awi ik Ymk
MIMO Fuzzy -1 —Z £
W, EH2%k
HAk O PI Controller| Atag i V3TS Vi
o pan

Figure 5: Block diagram MIMO-PI-FC-OICS.

The PI-FC-OI design is formulated from the PI
controller design with the t.f. expression given in (4).
Tustin’s method with T,=0.01s was used in order to

discretize the continuous-time PI controllers and the
following quasi-continuous digital PI controller is
obtained:

AUy = Koy Ay + Ky €

(7

= Kepi (Al + 0 gi€hy)

where the expressions of the PI controller tuning

parameters, K, and K, > are

Ko =ke, [1-T, /QTe, )1, Ky =ke, T /T,
oy =K i / Koy =2T /(ZTCHi -To)

Chi 2

@®)

The fuzzification, the inference engine and the
defuzzification are done in similar manner as in case

Table 1: Decision table of PI-FC-II.

€k
m M
U/ Uy e|
H1lk
m M m M
m m fm / fm fm / fm M/M M/M
€11k €1 M fm / fm fm / fm M/M M/M
M m m/m m/m FM/FM FM /FM
M m/m m/m FM /FM FM /FM
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of MIMO-PI-FC-II. The fuzzification employs two
linguistic terms with trapezoidal membership
functions for the input variables, ik and A€ >

i= ]TQ and four linguistic terms with triangular and

trapezoidal membership functions for the output

variables, AUy, » i:ﬁ. The membership functions

are similar to the ones given in Fig. 3 and Fig.4.
The parameters of MIMO-PI-FC-OI block
Beri> Baeni = 0Bepi» By = Ky Beyy» =12, are

chosen based on the modal equivalence principle, and
the value of the parameter B, > 0 can be set using the

experience of the CS designer, but firstly it must be
chosen to ensure the fuzzy CS stability as shown in
the next section or using other results as, for instance,
those given in (Precup et al., 2014).

3.3 Stability Analysis

For performing the stability analysis, the dynamics of
the fuzzy controller is transferred to the process, and
this leads to the extended controlled process (EP),
illustrated in Fig. 6 (Precup and Preitl, 1997), where
a € {j, 0} - the upper index corresponding to the type
of integration: a=0 for integration on the output of the
fuzzy controller (for PI-FC-OI), a=j for integration
on the input of the fuzzy controller (for PI-FC-II),
Wll—iik = [WHik Wi | > W‘IJ-iik = Wi AWy | >
i:ﬁ with W, is the reference input, Wiy e is the
integral of reference input, Wi = Wiy + Wiy »

AWy =Wy — W, 18 the increment of
-

Chin = [eHik Chi Ik]T ’

ey = [eHik AeHik]T’ i=12 with: e, is the

control error, ¢

reference input;

. is the integral of control error,
Hi Ik

i = Crinet T s Al is the increment of control
error; the output vectors are y f{i L = [yHik Vi Ik]T ,
ytlj-iik = [yHik AYHik]T » 1=1,2 with: Yhik is the
controlled output, y_. is the integral of controlled
output, v = Yiuo + Yuiee AVuik = Yoik = Yuica 18
the increment of controlled output; ul = [uik U ik]T R
T [Auik Aug | i= ﬁ where u,;, represents the
fictitious control signal, Au ik stands for the

fictitious increment of control signal (Precup and
Preitl, 1997; Precup and Preitl, 2003a).

_a a a
Wi u; Yuir

i e}j‘.‘k i
% ——| EP T

Figure 6: Modified structure of fuzzy control system.

The FC block is characterised by the nonlinear
input-output static map F

F:R> > R2,Fel)=[fe!) of 9)

where f ( f : R? — R) is the input-output static map

of the nonlinear blocks (FC).

The state-space mathematical models can be
expressed in terms of the following unified
expression for both PI fuzzy controllers:

Xk = AXGy + BRUG
a ay, a (10)
Y = C X4
by inserting additional state variables, which result in
the augmented state vectors xJ. = [XHik xyj Hik]T for
PI-FC-II and x,, =[x [ for PI-FC-

Ol, due to the presence of the additional linear
dynamics transferred from the PI fuzzy controller
structures (Precup and Preitl, 1997; Precup and Preitl,
2003a). Therefore the resulting state-space matrices
in case of PI-FC-II are

) A 0 . b 1
Al=1] . IBL|C ,
c'A 1 c'b 1

ci :|:CT 0} (11)
o' 1

i J ] i ] i ]
AJ E9%!1 xn ,Bl Emn XZ”CJ emZXn

0
Hik  Xumik  XyHik

and in case of PI-FC-OI are

A b 0 b 1
A°=|0" 1 o0o,B°=|1 1
c 0 0 0 1
12
e 0 o (12)
c’=|, ,
C 0 -1

0yn O o 0
AOEERH xn ,BDEERn X2,CD€ER2XH

where n) =n+1.n°=n+2 and n is the order of the
mathematical models.

The structure presented in Fig. 7 is used in the
stability analysis of the nonlinear control system,
where the NL block represents a static nonlinearity
due to the nonlinear part without dynamics of the FC
block.
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o a
Yuie
EP

Figure 7: Structure of nonlinear control system involved in
stability analysis.

The connections between the variables of the
control system structures in Figs. 6 and 7 are

Vi = —Ui = —F(eh ) Y = —€hi (13)

where the second component of F is always zero in
order to neglect the effect of fictitious control signal.

The second equation in (10) is next expressed as
follows using (13):

a a, a a bya
ehi = —CoUug, Xy = Clegy (14)

where the matrix C®, (C” e R™?), can be computed
relatively easily as function of C?.

The proposed stability analysis method can be
stated in terms of the following theorem:

Theorem. The nonlinear system, from Fig. 7 and
with the mathematical model (10), is globally
asymptotically stable if the three matrices P

(positive definite, PeR"™ ), L (regular, dim
LeR™) and Vv (any, VeR™?) fulfil the
requirements I and II:
L.
(AHTP-A®=—L LT
C*-(B*)'P-A*=VTL' (15)
-(B)TP-B*=V'V
II. By introducing the matrices M (M e R>*?),
N (Ne®R?>)and R (R e %**?) defined as follows:
M =(C")"(LL" -P)C®
N=(C»h'[LV-(A*)TPB*-2(C*)" (16)
R=VTV
the inequality
fefuIn'el, + (el ) Mep, >0 (17)
holds for any value of the control error i > with the
vector g2, defined in (13) and n — the first column in

N.

Proof. The condition I is the first equation in
Kalman-Szeg6’s lemma, therefore it is fulfilled
immediately (Landau, 1979).

814

In order to fulfil the condition II, the Popov
inequality (17), which ensures the global asymptotic
stability of the nonlinear control system, Fig. 7, for
any positive constant Py, is expressed as

kl
S(kl)ZZ(V?—iik)Tyiﬂk >-f; vk eN (18)
k=0

Considering (13), the Popov sum S(k,) in (18) is
transformed in
kl
S(kl):_Z(ui)Tyaik vk, eN (19)
k=0

Substituting the expressions of x2

a
Hik+1 and yHik

according to (10) in (19), followed by adding and
subtracting the term (xf}“KH)T P X and using the

properties of matrix transposition, the Popov sum
S(k,) becomes

ki
S(ky) = _z (=X )T (AP A,
k=0

~ (X% ) (AT (P+PT)B + 20)
(CH uz —(ui) (B*)'P-B*-u}
+(X?—|ik+l)TP'X?—|ik+1]} Vkle N)k

Replacing the expressions of (A*)"P-A?,
(A*'P".B* and (B*)"P.B® in terms of (I),
expressing x?, in accordance with (14) and using II,

another form of the Popov sum S(k,) is obtained:
kI
S(k)) = —z (X?-IikH)T P X +
k=0
Kk
: a a a a 21
+Z[(9Hik)TM'eHik+(eHik)TN‘uik @1
k=0

+(Ui) R-ui] Vk, eN’

Using the expression of uj from (13), the sum in

(21) is expressed as
Ky
S(k)) = _Z (X)) P X
k=0
K
: a a a a 22
+ Z[(eHik)T M el + (L) N-F(el,) 22)
k=0

+FT (e} )R -F(ef)] vk e N’

Finally, the expression of the sum S(k,) is

obtained by using F from (9) and the positive
element ry; of the matrix R :
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ki

S(k)) = —z [(X )" P X i

k=0
K,
+n f 2(eaHik)]+ z[(eaHik)T M 'e?-lik
k=0

+ f(efon’ el ] vk e N’

(23)

Both sums in the right-hand term of (23) are
positive and therefore the sum S(k,) is also positive,

which means that the condition II guarantees the
fulfilment of the Popov inequality (18).

In conclusion, the fuzzy control system is globally
asymptotically stable.

For n> 2, only the matrix P in (I is important for
the fuzzy CS stability analysis because the matrices
M, N and R in II can be expressed as functions of
P:

M :—(Cb)T(Aa)TP'AaCb
N=—(C"T[(A")"(P+P")B*?
+(CHT]

R=-(B?*)"P-B?

(24)

4 EXPERIMENTAL RESULTS

This section is dedicated to test and validate the two
proposed control structures, presented above by real-
time experimental results. The parameters of the
MIMO-PI-FC-II that ensure the stability of the fuzzy
control system are tuned as:

B,,, =0.15,B,,,=1.08-10°,B,,, =06,

B., =0.37,B,,,=1.85-10°,B,,, =0.36 . The
parameters of MIMO-PI-FC-OI that ensure the
stability of the fuzzy control system are tuned as:
B.,, = 0.27 :B,.,, =1.88-107,B,,,, =7.05-107,

Bos = 0.45,B,., =3.13-107°, By, =7.83-10 -

The following testing scenario was considered
and conducted: the two proposed control structures
were tested on the time frame of 1000 s with step—
type reference inputs which were set to w,,, =0.1m,

i=12 and are plotted in Fig. 8 and Fig. 9,

respectively, for both proposed CSs.
The tracking errors €hic for both the MIMO-PI-

FC-II-CS and MIMO-PI-FC—OI-CS are in fact the
control errors defined in Fig. 5. The mean square error
(MSE) was also calculated for both CSs as

e . —
Juse,, = N § (B (tg ), i=1.2 (25)
{1

where N =100001 is the number of records, and the
obtained values are given in Table 2.

The conclusion drawn by analyzing the plots
given in Figs. 8 and 9, and after comparing the results
presented in Table 2, is that the zero steady state
control error is ensured for H; and H, in both the
proposed CSs and the best performances indices in
terms of settling time, rise time and mean square error
are obtained in case of MIMO-PI-FC-OI-CS.

0.12,

) -

Referance nput
= MIMO-P1-FC-II
{===-MIMO-PLEC-OI |

g

Tank 1 Fluld Level [m]
o o
2 ]

8

% 100 00 300 %00 500 800 00 800 900 1000
Time [s]

Figure 8: Tank 1 fluid levels (H1) versus time (t) in case of
MIMO-PI-FC-II-CS and MIMO-PI-FC-OI-CS.

Tank 2 Fluid Levels [m]
o
]

o 00 00 300 00 &0 w0 1000

500
Time [s]

Figure 9: Tank 2 fluid levels (H2) versus time (t) in case of
MIMO-PI-FC-II-CS and MIMO-PI-FC-OI-CS.

Table 2: Mean Square Errors.

Tyse,, 1 = {12} H, H,
MIMO-PI-FC-11 | 0.8379-10™* | 0.2208-107°
MIMO-PI-FC-OlI 0.8-107* 0.2190-107

5 CONCLUSIONS

This paper has presented the design and validation of
two CSs applied to level control of V2TS. The first
CS structure consists of a Multi Input Multi Output
Proportional Integral Fuzzy Controller with
integration of controller input (MIMO-PI-FC-II)
and the second CS structure consists of a Multi Input
Multi Output Proportional Integral Fuzzy Controller
with integration of controller output (MIMO-PI-FC—
OI).The proposed control solutions were tested in the
same scenarios and their control performance is given
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in Table 2. The experimental results prove that the
best performances indices in terms of settling time,
rise time and mean square error are obtained in case
of MIMO-PI-FC-OI-CS.

Future research will be focused on the
improvement of the performance indices by
designing CSs with hybrid structures applied to
mechatronics systems that include large-scale
complex systems (Filip, 2008), robotics and
autonomous systems (Haidegger et al., 2012; Blazic,
2014; Kovacs et al., 2016), model predictive control
(Bouzouita et al., 2008, Landau, 1979, Mirzaee and
Salahshoor, 2012), fuzzy models and control (Precup
and Preitl, 2003b; Precup et al., 2013; Johanyak,
2015; Olivas et al., 2017; Vrkalovic et al., 2018),
engines (Andoga et al., 2018), cognitive models
(Sanchez Boza et al., 2011; Direito et al., 2017;
Ferreira et al., 2017; Braga et al., 2019), and chaotic
systems (Precup et al., 2014; Kose and Miihiircii,
2018).
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